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Abstract

In the first part of this paper, we demonstrate the existence of global hy-
persurfaces of section of the Hamiltonian vector field of mechanical Hamilto-
nians of convex type, and the geodesic vector fields of convex hypersurfaces.
The result can be regarded as a generalization of Birkhoff’s annulus, and we
provide many examples including the Kepler problem.

In the second part, we investigate the periodic orbits of rotating Kepler
problem. We introduce a way to describe the moduli space of periodic orbits
by angular momentum and Laplace-Runge-Lenz vector. We then classify
every periodic orbit and compute the Conley-Zehnder index. The result can

be interpreted by symplectic homology.

Key words: Global hypersurface of section, Kepler problem, symplectic
geometry, Hamiltonian dynamics, Conley-Zehnder index
Student Number: 2018-26173
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Chapter 1

Introduction

Symplectic geometry is a rich and vibrant field, with one of its central
themes being the study of periodic Hamiltonian orbits and Reeb orbits.
Two cornerstone conjectures highlight the importance of this topic: the cel-
ebrated Arnold conjecture [Arn04], which explores the relationship between
the topology of a symplectic manifold and periodic Hamiltonian orbits, and
the Weinstein conjecture [Wei79], which asserts the existence of periodic
Reeb orbits. These foundational problems have spurred the development of
numerous powerful tools and results, most notably Floer homology [Flo89].

This thesis is centered on two interconnected topics: the theory of global
hypersurfaces of section and the periodic orbits of the rotating Kepler prob-
lem. Global hypersurfaces of section, originally introduced by Poincaré in
his pioneering work on celestial mechanics [Poi87] and further developed
by Birkhoff [Bir66], provide an elegant method for simplifying the study
of dynamical systems. By reducing the dynamics of a vector field on an
n-dimensional manifold to the dynamics of a diffeomorphism on an (n'1)-
dimensional manifold, these hypersurfaces enable a profound simplification
of the system’s complexity. Ghys aptly referred to the existence of such
structures as a “paradise for dynamicists” [Ghy09], highlighting their signif-
icance, particularly in the context of three-dimensional dynamics. A notable
breakthrough in this area was achieved by Hofer, Wysocki, and Zehnder,

who constructed disk-like global surfaces of section on dynamically convex
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S3 and proved the existence of exactly two or infinitely many periodic Reeb
orbits [HWZ98]. Subsequent developments in this line of research can be
found in [HSall], [HMSal5|, and [SaH18|.

However, constructing global hypersurfaces of section in higher dimen-
sions presents significant challenges, particularly due to the instability of
the boundary, which must be a codimension-2 invariant submanifold of the
dynamical system. To address this issue, Moreno and van Koert [MvK22b]
proposed introducing symmetries into the system to ensure the existence
of invariant submanifolds, providing a concrete example in the context of
the restricted three-body problem. In this thesis, we establish the existence
of global hypersurfaces of section for two distinct classes of dynamical sys-
tems. The first class comprises mechanical Hamiltonian systems of convex
type, while the second involves geodesic flows on convex hypersurfaces in
Euclidean spaces. The results pertaining to the second class are part of a
joint work with Sunghae Cho [CL24] and include an analysis of the Kepler
problem. We anticipate that these findings will extend to broader classes of
examples and contribute to the development of higher-dimensional dynam-
ical systems theory.

The second focus of this thesis is the Kepler problem, one of the most
fascinating examples of Hamiltonian dynamical systems. The rotating Ke-
pler problem, inspired by the restricted three-body problem, resolves the
degeneracy of Keplerian orbits and provides a framework for computing the
Conley—Zehnder index and applying Floer theory. Building on the founda-
tional work of Albers, Fish, Frauenfelder, and van Koert [AFFvK13], which
computed the Conley—Zehnder index for periodic orbits of the planar ro-
tating Kepler problem, we extend these results to the spatial case. Specifi-
cally, we compute the Conley—Zehnder indices of isolated periodic orbits in
the spatial rotating Kepler problem. Furthermore, by analyzing the moduli
space of spatial Keplerian orbits, we employ the Morse—Bott spectral se-
quence to compute the Conley—Zehnder indices of degenerate orbits. These
results are expected to have significant applications to the study of the re-
stricted three-body problem, which can be understood as a perturbation of

the Kepler problem.



Chapter 2

Preliminaries

This chapter introduces basic notions of Riemannian geometry, symplectic
geometry and symplectic dynamics. We assume that every manifold, map,
vector field and tensor is smooth for the rest of the paper. We refer [Spi79a]

and [Leel3] for the general properties of smooth manifolds.

2.1 Riemannian Geometry

In this section, we introduce basic notions of Riemannian geometry includ-
ing connections, geodesics, geodesic flows and curvatures. We refer [Mil63],
[KN63], [KN69], [CE75] and [Spi79b] for the general reference for the Rie-

mannian geometry.

2.1.1 Connections

Let M be a manifold. A symmetric positive definite 2-tensor ¢ is called a
metric, and the pair (M, g) is called a Riemannian manifold. This can
be understood as an extension of the inner product on a tangent space to
the entire tangent bundle.

Let (M, g) be a Riemannian manifold, and let N C M be a submanifold.
Then N is naturally a Riemannian manifold equipped with the restricted

metric g|y. If there exists a diffeomorphism ¢ : (M, gy) — (N, gn) such
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that ¢*gn = gm, we call ¢ an isometry and we say that (M,gys) and

(N, gn) are isometric.

Example 2.1.1. The tangent bundle of Euclidean space can be described
as TR"™ = {> pi(0y;)q : ¢ € M} . The standard Euclidean metric on R" is
defined by g = > dg; ® dg;. A round (n — 1)-sphere can be regarded as
a submanifold defined by the level set of f(q) = |q|?, equipped with the

inherited metric.

Let M be a manifold. A connection is a bilinear operator V defined on

the space of vector fields on M, satisfying the following properties:
1. Vix(Y) = fVxY,
2. Vx(fY) = fVxY + X(f)Y,

where X (f) is the directional derivative of f in the direction of X. A connec-
tion allows us to differentiate vector fields without using local coordinates.
In this sense, V is also called the covariant derivative. Once V is defined
on T'M, we can extend V to any tensor field on the tangent and cotangent
bundles by applying the Leibniz rule and the pairing of vector fields with

differential forms.

Note 2.1.2. A connection can be defined on any vector bundle or principal
bundle. In general, a connection distinguishes the horizontal direction in the
bundle, which is equivalent to choosing an embedding of the tangent bundle
of the base manifold into the tangent bundle of the total space. More detailed
descriptions of connections can be found in [KN63] or [Spi79b].

The choice of connection is not canonical in general, but there is a specific
connection for Riemannian manifolds. A connection V on a Riemannian
manifold (M, g) is called the Levi-Civita connection if it satisfies the

following conditions:
1. (Compatibility) Vg = 0, or equivalently,

X(g(Y,2)) =9(VxY,Z)+ g(Y,Vx Z),
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2. (Torsion-free) VxY — Vy X = [X,Y],

where [X, Y] is the Lie bracket of X and Y. The following theorem can be
found in many references, including [KN63], [Mil63], [Spi79b] or [dC92].

Proposition 2.1.3 (Fundamental Theorem of Riemannian Geometry). The

Levi-Civita connection uniquely ezists for any Riemannian manifold.
Proof. Let X,Y, Z be vector fields. We have

A 9(VxY,Z)+g(Y,VxZ)
Y(9(2,X))=9(VyZ,X)+g(Z,VyX)
(9(X,)Y)) =g

It follows that

X(9(Y,2)) +Y(9(Z, X)) — Z(9(X,Y))
=g(VxY+Vy X, Z2)+9(VxZ - VzX,Y)+9g(VyZ —VzY, X)
= QQ(VXY7 Z) - g([X7Y]7Z) +g([Y, Z]aX) —g([Z, X],Y)

We conclude that
§(VxY, Z) = 5 (X(9(Y,2)) +Y (9(2, X)) = Z(g(X, )
—i—g([X, Y]7Z) - g([Y7 Z]vX) +g([ZvXLY)) .

Since every term on the right-hand side is independent of V, we have shown

the existence and uniqueness of the Levi-Civita connection. ]

For explicit computations, we assign a coordinate chart. Let (eq,--- ,e,)

be a frame on a local chart of (M, g). For given V, we can write
Ve,e5 = fojek,
k

and conversely Ffj characterizes V on local chart. We call Ffj the Christof-
fel symbols. For the simplicity, we will use the following notations in the

rest of this section while working with local coordinates:
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1. We write ¢! = e} for the dual frame, i.e., €'(e;) = (5;

2. For a matrix A = (a;;), we write A™1 = a¥.

3. (Einstein convention) Repeated indices (one lower and one upper) im-

ply summation. For example, > . X 10, = X'0;.

4. Let 0; denote the i-th partial derivative in the given chart, and let f

be a function. Then we write 0;f = f;.

Lemma 2.1.4. Let (M,g) be a Riemannian manifold and V be the Levi-

Civita connection. Then Christoffel symbols satisfies following identities.
1. TF =T%.
2. 0igjk = T4 gar + TYgj0-
3. T = 39" (9aij + Gjai — Gija)

Proof. The first two properties follow directly from the defining conditions
of the Levi-Civita connection. The third property is the local form of the

formula derived in the proof of Proposition 2.1.3. O

2.1.2 Geodesics

There are many different approaches to defining the geodesics of a Rieman-
nian manifold. We follow the definition from [Mil63] and [KN63].== We first
define the notion of parallel transport. Let M be a Riemannian manifold,
V be the Levi-Civita connection and 7 : [a,b] — M be a curve. Let V' be
a vector field along -, meaning that V is a section of v*T'M. With a local
frame (e;), we can write V; = V'(t)(e;)(). We denote § = 4'e; for the time

derivative of «. The covariant derivative of V along + is defined by
ViV =4 Viei + V' Ve

Let ¢ € M and v € T,M. Let v : [a,b] — M be a curve in M such that
v(a) = q and (b) = ¢'. Then, there exists a unique vector field V' such that

Vp = v and V45V = 0, due to the existence and uniqueness of the solution to
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the differential equation. We call v = V; a parallel transport of v along

~. The curve v is a geodesic if
Vi =0.
In this sense, we say the geodesic is self-parallel.

Proposition 2.1.5 (Geodesic Equation). In local coordinate, a geodesic vy
satisfies

'+ T = 0.
In particular, the geodesic v is determined by the initial conditions v(to) and

Y(to)-

Proof. This directly follows from the local formulation of parallel transport
by substituting 4 for V. The second statement follows from the existence

and uniqueness of the solution to the second-order differential equation. [
Corollary 2.1.6. Let v be a geodesic. Then || is constant along .

Proof. We have

Vag(3(1),5(1) = V4575 = (V49i5)3'4 + 20i;(V47)y?
= Gij VA — 20 Th v AF 4
= (T89ar + Tlhgin) 755" = 2T 75" = 0

We used the geodesic equation Proposition 2.1.5 in the third equality and
Lemma 2.1.4 in the fourth equality. O

Example 2.1.7. In Euclidean space R", the metric g;; = d;; is constant, so
the Christoffel symbols vanish. Thus, the geodesic equation is 4% = 0, which

implies that the geodesics in Euclidean space are straight lines.

Example 2.1.8. Let S™ C R"™! be a round n-sphere. It’s well-known that
geodesics on S™ are great circles. To see this, we need to use a local coor-

dinate on S™. We use stereographic projection, which is given by the
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formula

v :S"\{(1,0,---,0)} - R"
(xo,xl,'--,avn)r—)( S Tn >

1—1’0’ 71—:130

The inverse is given by

e 1R — 8™\ {(1,0,---,0)}

1_|Q‘2 2QI 2Qn )
’...’ H s ’...’ .
@ ) <1+Iq2 1+ |q|? 1+ gl
We have
T s ~  4qiq o +—2 4
TP a2 e

and it follows

16¢;q; 16¢;q;(1 + |q|?)

9ij =9 (8%78%‘) =

(1+1q*)* (1+1q*)*
16%'(]]' 4
- 213 2 25ij
(T+1q?)? (1 +ql?)
4

IR Y
(1+1g)2
Using the formula in Lemma 2.1.4, we obtain

i 2i k 2qi i 2q;

BT g TR T T g R T 14 g2

for ¢ # k, and otherwise Fék = 0. Substituting into the geodesic equation,

n
25 ik 2¢i  kk
= R =0
P S earial §1+q|2”

we have

Now let v be a great circle lies on ¢gqi-plane starting at the south pole:

y(t) = (—cost,sint,0,---,0) € S* c R*L,
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Under the stereographic projection, we have
sint
t)y=(——,0,---,0]).
= (2200 0)

1 1 1 sint
T T Tltcost | T (1 + cost)?

Then, we have

For i # 1, every term in the geodesic equation is zero. If ¢ = 1, we have

(1+cost)2  1+cost2(1+ cost) (1 +cost)?

1 2q1 (41y2 = sint 2sint (1 + cost)? 1

/15/ =
1+1q|?

Thus, v is a geodesic. Any other great circle can be mapped to v by an
SO(n + 1)-action on S™, so every great circle is a geodesic. Conversely, for
any initial condition of a geodesic, we can find a great circle with the same

initial condition. This proves that every geodesic is a great circle.

Let v : [a,b] = M be a curve. The length functional is a function
L : C*([a,b], M) — R defined by

b
L(y) = / g(3(8), (1) 2dt

Here’s a theorem, which was chosen as the definition of geodesic in [CE75]
and [Spi79b].

Proposition 2.1.9. A curve 7y : [a,b] — M is a geodesic if and only if it is
a critical point of the length functional L.

Proof. See [Mil63], Chapter 12. O

A Riemannian manifold (M, g) can be regarded as a metric space by

introducing the distance

dg(qo,q1) = inf L(v).
¥(to)=qo
v(t)=q1
This infimum should be realized by a minimizing geodesic from ¢ to ¢, if

one exists.
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Theorem 2.1.10 (Hopf-Rinow). Let (M,g) be a Riemannian manifold.

Then the following statements are equivalent.
1. A closed and bounded subset of M is compact.
2. The manifold M is complete as a metric space.

3. The manifold M is geodesically complete, meaning that any geodesic

can be extended infinitely in both directions.

Proof. See [KN63], Chapter IV. O

The exponential map is defined by

exp:TM —TM
(¢,p) = (v(1),7%(1)),

where ~ is the geodesic starting at ¢ with initial velocity p. By Theo-
rem 2.1.10, the exponential map is globally defined if M is a complete man-

ifold. We can define a time-dependent diffeomorphism on T'M by

¢i(q,p) = exp,(tp),

which is called the geodesic flow of M. Notice that g is the identity.

If a time-dependent diffeomorphism ; from a manifold to itself is given
and ¢g = Id, we can find a vector field X such that ¢, = FltX, the flow of X,
by differentiating with respect to ¢t at ¢ = 0. It follows that for a Riemannian
manifold (M, g), there exists a unique vector field X, which generates the
geodesic flow, and it is called the geodesic vector field.

Let S, T'M denote the subset of T'M consists of vectors of length r > 0.
Since the geodesic flow preserves the length by Corollary 2.1.6, we can see
that S, 7'M is invariant subset of X . In particular, M ~ SyT'M is the zero
locus of X,.

Let N C M be a submanifold of a Riemannian manifold (M, g). We
call N a totally geodesic submanifold if exp maps TN into TN. By
definition, a submanifold is totally geodesic if and only if it is invariant

under the geodesic flow.

10
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We call i : M — M an isometric involution if i is an isometry and
i? = Idys. The isometric involution is very useful for finding totally geodesic

submanifolds, as we can see in the following theorem.

Theorem 2.1.11. Let (M, g) be a Riemannian manifold and N be a closed
submanifold. Assume that there exist a tubular neighborhood v(N) of N and
that N is the fixed point locus of i. Then N is a totally geodesic submanifold.

Proof. See [dC92], Chapter VII.8. O

Example 2.1.12. Recall Example 2.1.8. Consider the isometric involution

defined on the sphere,
i:S"— S" c R
(l’o,ﬂfl, e 7'1‘71) = (*l’o,l’l, e 7l‘n)-

The invariant subset of i is the equator
e {(O,xl,--- ,Tp) Zx? = 1} C S" c R

Since a great circle lies on the surface spanned by its initial position and
velocity, S”! is a totally geodesic submanifold.
2.1.3 Curvatures

Let (M, g) be a Riemannian manifold and V be the Levi-Civita connection.

We define the Riemann curvature tensor as the following (3, 1)-tensor
R(X,Y)Z =VxVyZ - VyVxZ —VxyZ.

We present the local formula for the Riemann curvature tensor.

Lemma 2.1.13. Let (M,g) be a Riemannian manifold and e; be a local

frame. We write R(e;,ej)e, = Réjkel, then the components are given by

Il ! p 1l p i
Rije = Ui — Uiy + Ty — T

11
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Let ¢ € M and v,w € T,;M. Denote ||v Awl|| as the area of parallelogram

spanned by v and w. We define the sectional curvature by

g (R(v,w)w,v)

KM(an): HU/\U}HZ

Note that this definition only depends on the plane spanned by v and w, so
K is defined on the 2-Grassmannian bundle of T'M.

There are many qualitative explanation about what curvature measures.
We introduce a formula whose derivation can be found in [CE75], Chapter
1.4. Let v : I — M be a geodesic with v(0) = ¢. Let a be a variation of
v, which means that « : I x (—¢,e) - M and a(—,s) = as(—) = . For
simplicity, we denote ¥ = T, dsa(—, s) = V. Let w € T,M and W be parallel
extension of w along v, which means V5W = 0 and W, = w. Then we have

the following Taylor expansion
([ dexp(tW)||? = £2 ég (R(w, T)T, w) £ + O(t5).
If we further assume that w and T are orthonormal, we have
dexp(tW)||2 = £2 — éKM(w,T)t‘l o)

The left-hand side term d exp(¢tW) measures the deviation of geodesics. One
can see that the geodesics get closer if Ky is positive, and scatter if Ky is
negative. This property can also be observed in the Gaussian curvature of

surfaces, see for example [dC76].

Example 2.1.14. As mentioned in Example 2.1.7, the Christoffel symbols
of Euclidean space vanish, and so does the Riemann curvature. Hence the

Fuclidean space has constant sectional curvature 0.

Example 2.1.15. Let S™ be a round sphere. Using the result from Ex-

ample 2.1.8 we can compute the sectional curvature of S™ in terms of the

12
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stereographic projection. We have

e 9 2 _ 2 Aq

Ml 0g; 1+ (g2 1T+ g2 (142

Fi _i <_ 2q, >__ 2 i 4%%

k0, 1+ g2 1+g?  (1+]q?)?

: A} — ap) 4q]
[0 Tt =Tl + TR+ Y TY,Th = BN
KRR Tt 2 U+ PP~ 2 T PR
ik ik
: 4(qi — ¢?)
k k

Thus, we have

Ry, = F?ck,i - sz K+ o Fl — T ep
1 4

Cl+lg? (THeP)? T (T [eP)?

Therefore, the sectional curvature is

Kon(es, ) = LCne)en &) _ giilligy _ Rigge _
llei A exl| 9iiJkk Jkk

This shows that S™ has constant sectional curvature 1, which is consistent

with the fact that S? has constant Gaussian curvature 1.

Let N C M be an oriented submanifold of codimension 1, and v be the
unit normal vector field on N. We define the second fundamental form
S as an operator that assigns to each tangent vector of N a tangent vector
of M by

S(v) = V.

This definition is consistent with the second fundamental form used in the

geometry of surfaces, which can be found in [dC76].

Proposition 2.1.16. Let N C M be an oriented submanifold of codimen-

13



CHAPTER 2. PRELIMINARIES

sion 1. Then the following formula holds.

9(8(v),v)g(S(w), w) — g(S(v), w)?
g(v, U)g(w’ w) - g(“? w)2

Kn(v,w) = Ky (v,w) +

Proof. See [dC92], Theorem 6.2.5. O

The formula becomes simpler in the case of a hypersurface in Euclidean

space, where the sectional curvature vanishes.

Corollary 2.1.17. Let M C R" be an oriented submanifold of codimension
1. Let v,w be orthonormal vector fields on T M. Then the following holds.

Kur(v,w) = g(S(v),0)g(S(w), w) — g(S(v), w)*.

Example 2.1.18. Consider the round sphere S™ C R™"! mentioned in
Example 2.1.8. We can take v = Y " 1 ¢;0,, as a unit normal vector. For
v; = Oy, one can see that S(v;) = v;, and thus from Proposition 2.1.16, we

have Kn(v;,vj) = 1. This result is consistent with Example 2.1.15.

We now focus on a specific type of manifolds: convex hypersurfaces in
Euclidean space. We say a domain D C R™*! is convex if for any qo, q; € D,
the straight line segment connecting gg and ¢ lies in D. For example, the
standard disc is convex. We call M C R"*! a convex hypersurface if M is
a regular level set of some function f and bounds a compact convex domain.
For example, a standard round sphere is a convex hypersurface.

A function on R"*! is convex if for any ¢y, q; € R"t! and 0 <t < 1,

fltao+ (1 —=t)q1) < tf(qo) + (1 —1)f(q1)-

If the strict inequality holds for 0 < t < 1, we call f is strictly convex.
Lemma 2.1.19. Let M = f~1(c) C R"*! be a reqular level set.

1. If Hess(f) is positive definite on M, then f is strictly convez.

2. If f is strictly convez, then M is a convex hypersurface.

3. If M is a convex hypersurface, then M is diffeomorphic to a sphere.

14
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Proof. We only prove the third statement. Let M be convex, bounding a
compact convex region D. After translation, we can assume that 0 is in the
interior of D. We define ¢ : M — S™ by ¢(z) = z/||z||. By convexity, ¢ is

a smooth injective map, which must be a diffeomorphism. O

Remark 2.1.20. We can treat the case of f with a negative definite Hessian
similarly, because in that case, we can use —f instead of f. If M = f~!(c),
then M = (—f) '(—c), and with Lemma 2.1.19, we can see that M is still
a convex hypersurface. In short, it’s enough to require the Hessian of f to
be either positive or negative definite to ensure that its regular level set is

convex.

2.2 Symplectic Geometry

In this section, we introduce general notions of symplectic geometry, in-
cluding symplectic manifolds, contact manifolds and Liouville domains. We
refer to [CdSO01], [Ber01] and [MS17] as general references for symplectic

geometry.

2.2.1 Symplectic Manifolds

Let W be a manifold without boundary. A nondegenerate 2-form w on W is
called a symplectic form and we call (W, w) a symplectic manifold. Note
that a symplectic manifold must be even-dimensional, because every 2-form
is degenerate in odd dimensions. Let (W7,w;) and (Wa,ws) be symplectic
manifolds and let ¢ : W7 — W5 be a diffeomorphism. If p*ws = wy, we say ¢
is a symplectomorphism. Consider the symplectomorphism ¢ : (W,w) —
(W,w) where the symplectic form w is exact, so w = d\ for some 1-form
A. We call ¢ is an exact symplectomorphism if o*A — A\ = df for some
function f. Let V' C W be a submanifold such that w|y is also a symplectic

form on V. We call V' a symplectic submanifold.

Example 2.2.1. Consider R?” = {(¢,p) : ¢,p € R"}. Define 2-form
w = Z dp; A dg;.

15
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Then it is clear that w is a symplectic form. Here, R?" can be regarded as a

cotangent bundle of R, and will be generalized in the next example.

Example 2.2.2. Let M be a manifold and W = T*M be its cotangent
bundle. Let (¢,p) € U be a local coordinate chart of W. To be precise, p;
represents the coefficient of dg; in U. We define a canonical 1-form on W

locally by

Using the coordinate changing formula, we can see that A can be patched
together to form a global 1-form. It’s clear that the derivative d\ = dp A dg
is a symplectic form.

We note that a diffeomorphism between manifolds induces a symplecto-
morphism between their cotangent bundles via pullback. Additionally, if N
is a submanifold of M, then T*N is a symplectic submanifold of T M.

Note 2.2.3. An important opposite concept to symplectic submanifold is
Lagrangian submanifold, which is a submanifold N of dimension dim M /2
such that w|y = 0. This concept is crucial for defining Lagrangian Floer ho-
mology and the Fukaya category. See [CdS01] or [MS17] for basic and general

discussions on Lagrangian submanifold.

Theorem 2.2.4 (Darboux Lemma). Let (W,w) be a symplectic manifold.
For any point in W, there exists a local chart U around the point with

coordinates (q,p) such that

w = Z dp; A dg;.
Proof. See [Arn89] Section 43.B or [CdS01] Theorem 8.1. O

The theorem means that any symplectic manifold is locally symplecto-
morphic to an open subset or (R?", wsq). This implies that the local geom-
etry of a symplectic manifold can be fully understood in terms of Euclidean
space, which is distinct from that of Riemannian geometry.

We note the relation between symplectic forms and Riemannian metrics.

Let W be an even-dimensional manifold. An almost complex structure

16
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on M is a bundle map J : TW — TW such that J> = —Id. A complex
structure on a complex manifold is an almost complex structure, but the
converse is not generally true.

Let w be a symplectic form on W and J be an almost complex structure
on M. If

g(_7 _) = w(_a J_)
defines a Riemannian metric, we call w and J are compatible and (w, J, g)

a compatible triple.

Proposition 2.2.5. Let W be an even-dimensional manifold. If any two of

the following three are given,

1. A symplectic form w
2. A Riemannian metric g

3. An almost complex structure J

then there exists the third one which is compatible with the given two struc-
tures. In particular, any symplectic manifold admits a compatible almost

complex structure.
Proof. See [CdS01] Chapter 12, 13. The last statement follows from the fact

that any manifold admits a Riemannian metric. O

Example 2.2.6. Consider T*R" ~ R?" equipped with the standard sym-
plectic form w = dp A dq. Let us denote 9,, = v;, J;;, = w;. Let J be a
standard complex structure on R?" such that J(v;) = w;, J(w;) = —v;.
Then we can see that w(—, J—) defines a standard Euclidean metric on R?".

With this basis, we can write
w(v, Jw) = v QJw = v'w

so that 2, the matrix describes the symplectic form, is equal to —.J. Under

the basis {v, w1, ,vn, wy}, we have

oa((4 ) (4 0)
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2.2.2 Contact Manifolds

Let Y be a (2n 4 1)-dimensional manifold, and & let be a distribution of
codimension 1 on Y. We can locally write £ as ker o for some 1-form .
Assume that & is coorientable, which means that TW/¢ is orientable. In this
case, we can find a globally defined 1-form a. If a A (dav)™ is a volume form,
we say « is a contact form, { = ker « is a contact structure, and (W, ¢)

is a contact manifold.

Example 2.2.7. Let M be a Riemannian manifold, and let ¥ = ST*M
be a unit cotangent bundle of M. Then the canonical 1-form defined in

Example 2.2.2 is a contact form.

Let (Y7,&1) and (Y3, &2) be contact manifolds, and let ¢ : Y7 — Y5 be
a diffeomorphism. If dpé; = &, we call (Y1,£1) and (Y2, &2) are contacto-
morphic, and ¢ is a contactomorphism. This can be understood as a
diffeomorphism that preserves contact structure. Note that this condition
does not require ¢ to preserve contact forms.

Similar to the symplectic manifold, the local geometry of contact mani-

fold is trivial in the sense of the following theorem.

Theorem 2.2.8 (Darboux Lemma). Let (Y, kera) be a contact manifold.
Then, for any point in'Y, there ezists a local chart U with coordinate (z,y, z)
such that

o= Z x;dy; + dz.
Proof. See [Arn89] Appendix 4. O

Let (Y, ker ) be a contact manifold. A vector field R such that a(R) = 1
and irda = 0 is called the Reeb vector field. From the definition, the Reeb
vector field exists uniquely for a given contact form « and never vanishes.
Note that the definition of the Reeb vector field depends on the choice of
the contact form, so contactomorphic contact manifolds can admit different
Reeb vector fields. The role of the Reeb vector field in this paper will be

discussed in Section 2.3.1.
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2.2.3 Liouville Domains

Let W be a manifold with boundary, and let w = d\ be an exact 2-form
such that (W, w) is a symplectic manifold, where W is the interior of W. A
vector field X such that ixw = w(X,—) = A is called a Liouville vector
field. If a Liouville vector field X exists and defines and points outward on

the boundary, we call (W, \) a Liouville domain.

Example 2.2.9. Let M be a Riemannian manifold, and let 72, M be the
submanifold of T*M consisting of cotangent vectors of length less or equal

to 1. Consider the outward normal vector field X, locally defined by

0

Then for A = pdg and w = dp A dgq, we can see that ixw = A, which shows
that (T2, M, )) is a Liouville domain.

The previous example implies that the boundary of Liouville domain
can be regarded similarly to the unit cotangent bundle. Indeed, a Liouville
domain can be completed to a symplectic manifold in a canonical way by
attaching OW x [1, 00) with an appropriate symplectic form, which is called
the symplectization of OW, along its boundary. This notion will be used to
define symplectic homology in Section 2.5.

Here is a connection between the Liouville domain and contact manifold,

which is the main motivation for introducing the notion of Liouville domains.

Proposition 2.2.10. Let (W, \) be a Liouville domain and X be a Liouwville
vector field. Then, a hypersurface Y transverse to X is a contact manifold

with contact form Ny . In particular, (OW,ker N|aw ) is a contact manifold.

Proof. Let ¢ € Y, and let {vi, -+ ,v2,—1} be a basis of T,Y. Since Y is
transverse to X, the set {Xg,v1,--- ,van—1} forms a basis of T,IW. Now we

have

AN (d)\)n_l(vl, cee ,T}Qn_l) =ixwA (d/\)n_l<'l)1, cee ,1)2”_1)

= wn(an PR 71)271—1)-
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By the nondegeneracy of w, the result follows. O

Example 2.2.11. We can apply Proposition 2.2.10 to Example 2.2.9. It
follows that the unit cotangent bundle ST*M of a manifold is a contact

manifold. A contact form is given by A = pdg.

2.3 Hamiltonian Dynamics

In this section, we introduce basic notions of Hamiltonian dynamics includ-
ing Hamiltonian vector fields, Poisson brackets and Hamiltonian action. We
also describe the geodesic vector field as a Hamiltonian vector field. We refer

to [HZ11] and [MS17] for general reference of Hamiltonian dynamics.

2.3.1 Hamiltonian Dynamics

Let (W,w) be a symplectic manifold. Given a function H : W — R, we can

associate a vector field Xy to H via
(ixy) w(=) =w(Xn,—) = —dH(-).

The vector field Xy uniquely exists due to the non-degeneracy of w. We
say Xy is a Hamiltonian vector field, and in this sense, we call H a
Hamiltonian function or simply Hamiltonian. We also say (M,w, H) is
a Hamiltonian system.

If a diffeomorphism from W to itself can be written as a time 1-flow of
a Hamiltonian vector field, we say it is a Hamiltonian diffeomorphism.
We might also use a time-dependent Hamiltonian H : W x R — R to de-
fine time-dependent Hamiltonian diffeomorphism. The name “Hamiltonian”
came from the Hamiltonian formulation in classical mechanics, which is ex-

plained in the following example.

Example 2.3.1. Let W = T*R", w = wgq = dp A dq, and H = H(q,p) be
any function. Let the Hamiltonian vector field of H have the form Xy =
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>~ a;i0q; + bjOp,. By definition, we have

. OH OH
—ixw =Y (aidp; — bidg;) =Y <8q-in + apdpi>

It follows that OH OH
Xy = —0g, — =0, | -
n=2 <5pz‘ o 9g; pl)
Let V be a function defined on the base manifold R™, and define a Hamil-
tonian on T*R"™ by

H(g.p) = 3 Ipll + Via).

This is called a mechanical Hamiltonian, which describes the mechanical
energy of a particle with a potential function V' depending only on the

position. From the above formula, we have

ov
Xg = Z (piaqi - 8q8pi> :

The differential equation describing integral curve v = (z,y) of Xy can be

written as PG
¢i(t) = pi(t), pi(t) = e (t)
or equivalently
ov
p(t) = ———(t
p(t) 94 (t)

This is exactly the same as the Newton’s second law of motion.

In particular, let V(¢) = 0, which describes a free particle without any
external force. Then we can see that the equation of motion is §(¢t) = 0.
This can be generalized to the geodesic on a Riemannian manifold, which is

explained in Section 2.3.4.
Lemma 2.3.2. A Hamiltonian diffeomorphism is a symplectomorphism.

Proof. Let ¢y be a Hamiltonian diffeomorphism of a symplectic manifold

(W,w), generated by a Hamiltonian H. Then we have
(FIXm)" w = Lxyw = —dix,w = —d(dH) = 0.
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We used Cartan’s magic formula for the second equality. O

The key property of a Hamiltonian vector field X to define a symplec-
tomorphism is that dix,w = 0. In this sense, we say a vector field X on a
symplectic manifold is a symplectic vector field if dixw = 0. The flow of
a symplectic vector field is a symplectomorphism. Note that if H!(W) = 0,
then every closed form is exact, so every symplectic vector field is a Hamil-

tonian vector field.

Lemma 2.3.3. Let H be a Hamiltonian defined on a symplectic manifold
(W,w), and Xg be a Hamiltonian vector field.

1. (Xm)p =0 if and only if dH, = 0.

2. Xy is tangent to the regular level set of H. In other words, H is

preserved under the Hamiltonian flow FIXH

Proof. The first statement is trivial from the definition of a Hamiltonian
vector field. For the second statement, we have dH (Xg) = —w(Xpg, Xy) =
0. Note that the second statement can be understood as the conservation of

mechanical energy. O

From Lemma 2.3.3, we can see that the Hamiltonian vector field pre-
serves the level set of the Hamiltonian. Hence we can consider the Hamilto-
nian dynamics restricted to the level set. Let (W, w) be a symplectic mani-
fold and H : W — R be a Hamiltonian. For a regular value ¢ of H, we call
Y = H !(c) is of contact type if there exists a vector field X, which is
positively transverse to Y, which means dH (X) > 0, and Lxw = w. In this
case, the sublevel set W, = H~!(—o0, ] is a Liouville domain with the Liou-
ville vector field X, and from Proposition 2.2.10, we can see that Y = oW,

is a contact manifold with the contact form ixwl|y,.

Proposition 2.3.4. Let H be a Hamiltonian defined on a symplectic man-
ifold (W,w) and ¢ be a reqular value of H. If Y = H™1(c) is a level set of
contact type, the Hamiltonian vector field Xy on H~'(c) is parallel to the
Reeb vector field. Therefore, the Hamiltonian orbit of H is a reparametriza-
tion of the Reeb orbit.
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Proof. Let X be a Liouville vector field. We have
ixyw = —dH =0on H !(c)
IXylxWw = W(X,XH) = dH(X) > 0.
Since Xg # 0, Xg is parallel to the Reeb vector field. O

Corollary 2.3.5. Let Hy,Hs : (M,w) — R be Hamiltonians and cy,co
be regular values of Hy, Hy such that Hy '(c) = Hy'(c) = Y. Then X,
and Xg, are parallel on Y. In other words, the level set determines the
Hamiltonian flow up to reparametrization.

2.3.2 Poisson Brackets

Let H, F' : (W,w) — R be Hamiltonians. The Poisson bracket is defined
by
{H,F} = w(Xpg, Xp).

Lemma 2.3.6. Let H, F be Hamiltonians on (W,w). Then the followings
hold:

1. {H,F}=dH(Xp) = Xp(H).
2. {H,F}=—{F,H}.
3. If (W,w) = (T*R", wstq), we have

OH OF OH OF
(LY =2 5y oy, oy 0,

Proof. The first two statements can be directly derived from the definition.
For the last statement, we use the formula given in Example 2.3.1. Using

first statement of this lemma, we have

oH OH OF 0 OF 0
(P =) = (52 5+ G ) (8 5575~ 5 )

_ (9 oF o or
N (‘)xj 8yj 8yj aﬂfj '
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O]

Lemma 2.3.6 implies that the Poisson bracket measures how much two
Hamiltonian flows do not commute. In particular, the first statement shows
that if {H, F'} = 0, then H is preserved under the Hamiltonian flow of F' and
vice versa. Intuitively, in this case we can say that H and F' are independent.
In particular, if {H, F} =0 we have

FUE = RIS o pIXT

since their flow commutes. We note a celebrated theorem of Arnold and

Liouville, the proof of which can be found in [Arn89].

Theorem 2.3.7 (Arnold-Liouville). Let (M,w) be a 2n-dimensional sym-
plectic manifold and F; : M — R, ¢ = 1,---,n be Hamiltonians. Let
F = (F,--,F,) : M — R", and let ¢ € R™ be a reqular value of F'.

Assume that

1. The Hamiltonians F; Poisson-commute, which means {F;, Fj} =0 for

every i, J.
2. The regular level set L = F~Y(c) is connected and compact.
Then there exists a tubular neighborhood v(L) of L such that

1. The n-dimensional submanifold L is a Lagrangian torus, and v(L) is
diffeomorphic to T™ x D™.

2. There exists a coordinate {¢,S} on v(L) such that
(a) The symplectic form can be written as

w=Y dS;Adg

(b) The coordinates S; only depend on Fj.

(¢) Each Hamiltonian flow of F; is linear in the coordinate.
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We say the Hamiltonian system (M,w,H) is an integrable system
if there exist Fy,--- , F, which satisfy the assumptions of Theorem 2.3.7.
The coordinates introduced in the theorem are called the action-angle
coordinate. The integrable system is deeply understood and studied system
due to its simplicity.

Let (W,w) be a symplectic manifold, H be a Hamiltonian and V C W
be a symplectic submanifold. Then H = H |y also defines a Hamiltonian
vector field field Xz on V, but it is not the same as the Hamiltonian vector
field X 5 restricted to V. In particular, X 7|1 is not tangent to V' in general.

Thus we need a projection formula for explicit computation.

Proposition 2.3.8. Let W be a symplectic manifold, and H be a Hamil-
tonian on W. Let f,g : W — R be smooth functions and let c1,cy be the
regular values such that V = f~(c1)Ng~(c2) C W is a symplectic subman-
ifold of W of codimension 2. Furthermore, assume that {f, g%, {f,H}, and
{g,H} are nonzero. Let H = H|y. The Hamiltonian vector field Xg on V.
s given by ) B
{9, H} {f, H}
A B 7 R €

Proof. The submanifold V' is contained in a level set of Hamiltonians f and

g. Thus df and dg vanish on V, so do Xy and X,. It follows that we can use
Xy and X, as normal directions of Xp.

Now we write Xy as Xy = X 5+aX;+bX, for some functions a, b. Since
X is defined on the level set of f and g, we must have Xy (f) =0 = Xg(g).
We also have X¢(f) =0 = X4(g) from the definition. It follows that

0= X5(f) +0X,(f) = L/, FT} + b{f. g},
0= Xg(9)+aXs(9) = {9, H} + a{g, f}.

Substituting a, b into the first equation yields the result. O

Remark 2.3.9. The formula of Proposition 2.3.8 can be generalized to the
case of any 2k-functions, say V = ffl(cl) N---N f{,cl(c%). Following the
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same strategy, write Xg = Xz + > a; Xy, and put f; repeatedly, we get

2k

i=1

The equation is linear with respect to a;, and can be solved under some

non-degeneracy assumptions.

2.3.3 Hamiltonian Actions

We refer to [Sep07] and [Hall5] for the basic notions of Lie groups and Lie
algebras. Let (M,w) be a symplectic manifold, G be a Lie group acting on
M and g be its Lie algebra. Then for any element & € g, we get a path
exp(t§) in G, which can be considered as a path of diffeomorphisms of M.
We define the vector field X¢ on M by

Xe(q) = %exp(tf) “q.

If we require the action of G to be symplectic, which means that we have

a group homomorphism
¢ : G — Symp(M)

where Symp (M) is the group of symplectomorphisms of M, then the vector
field X¢ is a symplectic vector field. We further assume that each X¢ is a
Hamiltonian vector field, so there exists H¢ such that 4 xw = dHg for each

& € g. In this case, we have a map

¢ g — C°(M).

The action is called Hamiltonian if ¢ is a Lie algebra homomorphism,
which means that Hye,y = {He, Hy}.

Example 2.3.10. Let SO(3) act on T*R? ~ R3 x R? by
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Since A*A = Id, the action is symplectic. Consider the corresponding Lie
algebra s0(3) consists of skew-symmetric matrices. For £ € s0(3), we define

a Hamiltonian by
He(z,y) = y'éa.

The Hamiltonian equation is as follows.

. 0
__8 o (ate\t et,
y=—g e = (6" =&y =¢y.

Solving this equation by taking the exponential, we can recover the SO(3)-

action which was described above. In short, the SO(3)-action is Hamiltonian.

An important consequence of this definition is a celebrated theorem of

Noether, relating symmetry and invariance of a Hamiltonian system.

Theorem 2.3.11 (Noether). Let (M,w) be a symplectic manifold and G
act on M Hamiltonianly. Let H : M — R be a Hamiltonian which is G-

invariant, which means H(x) = H(g-x) for any g € G. Then for any § € g,
{H,H¢} = 0.

Proof. Since H is G-invariant, we have {H, H¢} = XH§(H) =0. O

There is a notion called the moment map which generalizes the Hamil-

tonian action. We refer to [MS17] for a detailed discussion of this topic.

2.3.4 Geodesic Flow as a Hamiltonian Flow

Let (M, g) be a complete Riemannian manifold. We defined a geodesic vector
field X and a geodesic flow ¢ of (M, g) in Section 2.1.1. The metric g on
TM induces the dual metric ¢g* on T*M by the natural pairing, and we can
define a (co-)geodesic flow and a (co-)geodesic vector field on T M.

The following description of geodesic flow as a Hamiltonian flow is based
on [FvK18] Theorem 2.3.1. Let ¢ = ¢(t) be a geodesic and denote ¢ = v. We
introduce the dual coordinate on T*M,

pi = gijv?, v' = gp;.

27



CHAPTER 2. PRELIMINARIES

Lemma 2.3.12. The equation of geodesic ¢ on T*M 1is

pi + %gf;’“pjpk =0

where qi = gijpj.

Proof. Using the formula for Christoffel symbol, the geodesic equation
v + Tt = 0

is transformed into the following.

. 1 .
¢ (g"pi) + 59“(%@ + Geib — Gbei) 9P g pr = 0

Differentiating the identity g% 9k = 5,’;, we have gilj gjk + g¥ gjk, = 0 for any
[. It follows that

9" 9in,c9” 9% pipe = —9% 9ivg™ 9 Do = —9% 61 9% pipe = —9% 9% pipr,
9" 9¢i 09" 9% vk = —9% 9¢i9™ 9" pipr = —95 0¥ g pipe = —g% 9% pipk

. . L b .
—9" gbeig” 9 Dok = 9 9beg™ 9 DiK = 97 9" S5 DK = 97 9" DR

We get the formula

: 1 o
be0"v" = =5 9" pipk + 590 PPk
Also, we have

ai, b

09" pi) = 9" pi + 950" pi = 9" Bi + 95 9" i
To sum up, the geodesic equation has the form

A
9"pi + 599 pipr = 0.
Cancelling ¢* gives us the desired result. O

Proposition 2.3.13. The geodesic vector field on T*M is a Hamiltonian
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vector field with Hamiltonian

1 2
H(q,p) := 5lIpllg--
where T*M s equipped with a canonical symplectic form w = dp; A dg;

Proof. We can write the Hamiltonian given in the statement as

1 .
H(q,p) = g(g”kpjpk —1).

By direct computation we have

1 ) L
dH = 597 piprdd’ + g7 pjdpi.

The Hamiltonian vector field is

1 .
Xu = =595 pipkOp + 970y,
which is the geodesic vector field given in Lemma 2.3.12. 0

Note 2.3.14. Notice that Proposition 2.3.13 can be regarded as a general-
ization of a fact that motion of free particle in the Euclidean space can be
described by a Hamiltonian flow of kinetic energy, which was mentioned in
the end of Example 2.3.1.

Corollary 2.3.15. Let M be a Riemannian manifold. The geodesic vector
field is Reeb vector field of unit cotangent bundle ST*M with respect to the
contact form pdq.

Proof. Note that X = pd, is transversal to 75, M = H1(1/2), and ixw =
pdq is a Liouville form. Thus we can apply Prgposition 2.3.4 to see that the
Hamiltonian vector field Xy is parallel to the Reeb vector field on ST*M.
Moreover, X is exactly the Reeb vector field if and only if ix, A = |p| = 1,

which is the case of unit cotangent bundle. O

Example 2.3.16. We’ve found the formula for the metric on the sphere

under the stereographic projection in Example 2.1.8. We can write out the
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Hamiltonian which defines the geodesic flow on S™,

H(q,p) = %g(pap) = W’p\z-

We also note the Hamiltonian for the geodesic flow on 7%S™. The stereo-
graphic projection S™ — R™ can be extended to the cotangent bundles by

formula
. 7T*S" - T*R"

(@,y) — (

The formula for the cotangent coordinates can be derived by preservation

—

T

1-— 7 T .

of the canonical 1-form ydx = pdg. We require the product of the lengths of
dual vectors to be 1, and it follows that the metric of cotangent bundle of

S™ under the stereographic projection can be written as

(1+1q*)?

i

gij =

It follows that the Hamiltonian of the geodesic flow is

2
HGww) = 5 (50+1d0l) -

2.4 Global Hypersurfaces of Section

In this section, we introduce the notion of global hypersurfaces of section
and open book decompositions, which will be a main topic of Chapter 3. We
refer to [FvK18] and [MvK22b] for the general discussion.

2.4.1 Global Hypersurfaces of Section

Let Y be a closed manifold, and X be a non-vanishing vector field on Y. A
global hypersurface of section of X, or of its flow FI¥, is an embedded
submanifold P C Y of codimension 1 with (possibly empty) boundary 0P =
B such that

1. the vector field X is transverse to the interior P of P,
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2. the boundary B is X-invariant. In other words, X is tangent to B.

3. for each point ¢ in Y, there exist positive numbers ¢ ,¢_ such that

Fi¥ (q), FI*,_(q) € P.

If only the first two condition hold, we call P a (local) hypersurface of
section. If P is a global hypersurface of section, we can define the (first)

return time 7, for each p € P by
7, = min{t > 0: FI;*(p) € P}

and the (first) return map by ¥(p) = Flf_; (p). The return map is a dif-
feomorphism.

Let dim W = n + 1. If there exists a global hypersurface of section of
(W, X)), we can understand many features of the dynamics of vector field X,
or equivalently time-dependent diffeomorphism FI;X of (n + 1)-dimensional
manifold M by understanding the dynamics of diffeomorphism ¥ of n-
dimensional manifold P. For example, the periodic orbit of X corresponds

to the fixed point or periodic point of W.

Example 2.4.1 (Birkhoff annulus). The Birkhoff annulus, defined by Birkhoff
[Bir13], is one of the oldest examples of the global hypersurface of section.
Let S be a 2-sphere with positive curvature. It’s known that there exists at
least one closed geodesic v on .S, which we call an equator. Let v be a unit

normal vector field along v. We define
P={(q,p) €T*S* : g€, glvg,p) > 0} ~ S* x [0, 7].

The codimension 1 submanifold P is called the Birkhoff annulus, and is
known to be a global hypersurface of section. This fact leads to the proof of

the Poincaré’s last geometric theorem.

Example 2.4.2. Consider the unit cotangent bundle of round sphere ST S™
as a subset of T*R"t! Let X = Xy be the unit geodesic vector field. Using
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the coordinates (x,y) = (o, ,Zn, Y0, * ,Yn) € T*R™, we can write
ST*S" = {(z.y) : |«* = 1, [y|* = 1, (z,9) = 0}
Consider the submanifold
P={(v,y) € ST*S" : 29 = 0,y0 > 0},
which is the set of upward directions on the equator. We claim that P is a

global hypersurface of section of X.

1. The geodesic with initial condition 2y = 0 and yg > 0 leaves P, which

means that X is transverse to P.

2. The boundary is the unit cotangent bundle of the equator S™~!, which
corresponds to g = 0. This is totally geodesic, as we've seen in Ex-

ample 2.1.12, which means that the boundary is X-invariant.

3. A geodesic on S” is a great circle, as we’'ve seen in Example 2.1.8,

which means every geodesic eventually touches P.

Therefore P is a global hypersurface of section of X. We can easily see that

the return map is the identity.

Example 2.4.3. Let M be an n-torus, defined by
M = {(2’1,-" ,Zn) eC": |Zj| = 1}

and equipped with the standard metric. Let N = {z, = 1}, then N is
a totally geodesic submanifold. Let’s identify ST*M with M x S™~! and

consider a codimension 1 submanifold
P={(z,w) € ST*M : z € N, w, > 0}.

If (z,w) € ﬁ, we have w, > 0, so the geodesic with the initial condition
(z,w) escapes from P. Also, since 9P = ST*N and N is totally geodesic, the
geodesic vector field is tangent to O P. It follows that P is a local hypersurface

of section of X.
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However, P is not a global hypersurface of section. To see this, consider
the geodesic with initial condition v(0) = (1,--- ,1,—1),4(0) = (1,0,---,0).
Then we have

At = (1, ,1,-1)

so v never touches P, which means that the last condition is not satisfied.

2.4.2 Open Book Decompositions

An open book decomposition on a closed manifold Y is a pair (B, x) of
a codimension 2 closed submanifold B and a map 7 from Y \ B to S ¢ C

which satisfies the following.

1. The normal bundle of B is trivial. We call B the binding. We fix the
trivialization of tubular neighborhood ¢ : B x D? — v(B).

2. The map 7 is a fiber bundle such that (70 &)(b;r,60) = ¢ on v(B)\ B,
where (r,0) is a polar coordinate on D?. We call the closure of each
fiber m—1(e") = Py the page. Note that 9Py = B for any 6.

If X is transverse to each page Py and tangent to B, then we say X is
adapted to (B, ).

Lemma 2.4.4. Let Y be a closed manifold, B C Y be a codimension 2
closed submanifold, X be a vector field on'Y, and w be a map from'Y \ B to
St. Assume that

1. For anyp €Y, d,m(X) >0,

2. There exists a trivial neighborhood v(B) ~ B x D?* of B and with
respect to the polar coordinate of D?, w(b;r,0) = €,

3. X 1is tangent to B.
Then (B, ) is an open book decomposition of Y, which X is adapted to.

Proof. By the first condition, 7 is a submersion. We can remove an open
tubular neighborhood v(B) of B on which the second condition holds, then

7r|y\y( B) is still a submersion. In particular, the second condition guarantees
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that W\BV(B) is a submersion. Since Tr\y\l,(B) is proper, we can apply the
Ehresmann fibration theorem and conclude that 7 defines a fiber bundle.
With (2), we can see that (B, ) is an open book decomposition on Y.
Since dm(X) # 0, X cannot be tangent to the level sets of 7. This means
that X is transverse to each page. With (3), we can see that X is adapted
to (B, ). O

If a vector field X is adapted to (B, ), then each page Py = 7~ 1(e?)
can be regarded as a candidate for the global hypersurface of section. There
might exist an orbit of X which does not return to the page in a finite time.
Such an orbit should be asymptotic to the boundary as t becomes large. A

discussion about a case of dimension 3 can be found in [HWZ98].

2.4.3 Global Hypersection of Sections of Reeb Flow

The system of our interest to find a global hypersurface of section and open
book decomposition is a case of Hamiltonian flow and the Reeb flow. The
relation of those two systems were revealed in Proposition 2.3.4. If we say P
is a global hypersurface of section or (B, ) is an open book decomposition
of a contact manifold (Y,kera), we assume P is a global hypersurface of
section for the Reeb vector field R and (B, ) is adapted to the R unless

otherwise mentioned.

Lemma 2.4.5. Let (Y,£ = ker«) be a contact manifold. Assume that there

exists a global hypersurface of section P on'Y . Then,

1. The interior of P is a symplectic manifold with a symplectic form dao.
2. The binding (B,&p = &|rB) is a contact submanifold of (Y, ).

3. The return map V satisfies Vo — o = dt where T is the return time.

In particular, ¥ is an exact symplectomorphism.

Proof. For the first statement, let dimY = 2n + 1. Since Y is contact,
aAda™ never vanishes. Since P is transverse to R, we can take a local frame
(X1, ,Xop) of P such that (R, X1, -+, Xoy,) is a local frame of Y, and

aNdd"(R, X1, -+, Xon) = a(R)da™ (X1, -+, Xaon) # 0.
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It means that da is a non-degenerate closed 2-form on ]E’, so it’s a sym-
plectic form. For the second statement, we can assume that (Xop—1, Xop)
is the normal frame of B with respect to Y, since R is tangent to B. Then

(X1, , Xon—2) is the basis of {|rp and we have
aAda™ Y (R, X1, -, Xop_2) = a(R)da™(X1,- - , Xon)/do(Xon_1, Xopn) # 0.

Thus (B, £p) is a contact manifold.

The third statement is a generalization of the well-known fact in dimen-
sion 3, which can be found, for example, in [ABHSal7], [FvK18] or [MvK22b]
Lemma 5.4. We have F l% (p) = ¥(p). Differentiating both sides and plugging

in a vector field X, we have
dFIY (p)X + (d7p(X))R = dp¥(X).
Since FI preserves o, we have that
T*a(X) = a(d¥ (X)) = (FI?)* a(X) + a(R)dr(X) = a(X) + dr(X).

By differentiating both sides, we get ¥*da = da, which means that VU is a

symplectomorphism. ]

We also note some boundary behaviors. Let (B,7) be an open book
decomposition of (Y, kera) and P be a page. Since (P, da) is a symplectic
manifold, it’s natural to expect that (P, da) is a Liouville domain. However,

the following proposition says this never happens.

Proposition 2.4.6. Let (Y, kera) be a contact manifold and (B, ) be its

open book decomposition. Then da degenerates on the boundary of a page P.

Proof. The Reeb vector field R is tangent to 9P, which means in particular
Ry € T, P for b € OP. However, irda = 0 which means that da degenerates
on the boundary. O

Assume that the contact manifold (Y, ker «) is given by a regular level

set of a Hamiltonian H defined on a symplectic manifold (M, w), and (B, )
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be an open book decomposition of (Y, ker «). Let v be a contractible Reeb
orbit contained in B, and fix a symplectic normalization of £ = ker « along
~v. We also take a symplectic normal frame (N7, N2) of normal bundle vp
of B in Y along 7. [MvK22b] Section 8 says that there exists a Riemannian

metric which decomposes the Hessian of H into block diagonal matrices.

Hess(H) = (5(;5 5?)

where S¢ € *®&* and S, € v ®@vp. We call S, a normal Hessian. Prac-

Precisely, we can write

tically, the normal Hessian can be computed by computing the linearized

flow along the orbit contained in B.

Proposition 2.4.7 ([MvK22b]). Under the above setting, we further assume
that the return time of P is bounded. If S, is positive definite, then the return

map ¥ extends to the boundary smoothly.

Proof. See [MvK22b] Proposition 8.2. O

2.5 Floer Homology

In this section, we introduce various versions of Floer homology, includ-
ing symplectic homology and S'-equivariant symplectic homology. We also
present the Morse-Bott spectral sequence, a useful tool for computing sym-
plectic homology. For further details, we refer the reader to [AD14], [Abol5],
[KvK16], and [Gut18].

2.5.1 Conley-Zehnder Index

Let @ be a quadratic form defined on the vector space V. In an appropri-
ate basis, ) can be represented as a diagonal matrix with diagonal entries
consisting only of 1, 0 and —1. Let n, ng and n_ denote the counts of 1 ,0

and —1 respectively. The signature of () is defined as
Sign(Q) =ny —n_
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Let ¥ : [0, 7] — Sp(2n) be a path of symplectic matrices with ¥(0) = Id.
A point ¢ € [0,7] is called a crossing if det(¥(¢) — Id) = 0. The crossing
form is a quadratic form defined on the vector space V; = ker(¥(¢) —1d) as

follows

Qt(va U) = w(”? \I/(t)’l)),

where w is a symplectic form on V;. Using a symplectic basis {vi, w1, -+, v, wp }

as described in Example 2.2.6, the crossing form can be expressed as

o=t~ ((° 1) (O 1))

Assuming the crossings are isolated, the Robbin-Salamon index (introduced
in [RS93]) for ¥ is given by

prs() = 5 Sign(Qo) + 3 Sian(Q) + 5 Sign(Q7)
t

where ), is the sum over all crossings.

The Robbin-Salamon index has the following key properties.

Theorem 2.5.1. Let ¥, : [0,7] — Sp(2n) be paths. The Robbin-Salamon
index prs satisfies

1. (Homotopy Invariance) If ¥1 and ¥y are homotopic,
prs(V1) = prs(¥2).

2. (Additivity) Let W3(t) = Wa(t)W1(t) be the pointwise produce of ¥y
and a loop Vy. Then,

1rs(¥s) = prs(V2) + prs(V1).
Proof. For proofs and additional details, see [SZ92], [RS93], or [Sal99]. Note

that the Robbin-Salamon index of a loop may differ from the Maslov index

by a factor of two, depending on conventions. O
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Let (Y,kera) be a contact manifold, R be the Reeb vector field and
v : [0,7] = Y be a periodic Reeb orbit. Assume that 7 is contractible, so
there exists a disk D, such that 0D, = . Choosing a trivialization of the
contact structure A : v*¢ — [0,7] x R?", we obtain a path of symplectic

matrices

U(t) = A()dFIF | A(0)~! € Sp(2n).

The Conley-Zehnder index of « is defined as

pez(v) = prs(P).

By the homotopy invariance property in Theorem 2.5.1, this definition does

not depend on the choice of trivialization.

Note 2.5.2. In the case of geodesic flow, we can assign a Morse index to
closed geodesics. From the perspective of Morse theory, closed geodesics are
critical points of the energy functional on the loop space of the manifold.
Details of this approach can be found in [Mil63].

The linearized geodesic flow coincides with the linearized Hamiltonian
flow in this case and can be described using Jacobi fields. Consequently, the
Morse index of a closed geodesic is equivalent to the Conley-Zehnder index

of the same geodesic, viewed as a closed Reeb orbit.

Let H : (W,w) — R be a Hamiltonian on a symplectic manifold and
let Y = H!(c) be a regular level set of contact type with Liouville vector
field X. Let v : [0,7] — Y be a Reeb orbit of (Y, kerixw). Since Xy is
parallel to R, v can be regarded as a Hamiltonian orbit with a different
parametrization. Let Y(s(t)) = (), where s(0) = 0, s(7) = o. Denote the
initial and final points as v(0) = §(0) = go and (1) = J(0) = ¢1. Linearized
flows satisfy

AFIXH - Ty W — T, W
dFIE T, Y - T,Y.

Lemma 2.5.3. Let X be a vector field on a manifold M, and s : M — R.
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Define ¢(q) = Flﬁq) (q). Then,

dp(q)€ = dF LY, ()¢ + (ds(q)€) X.

Proof. See Chapter 9 of [FvK18]. O

Let N be a normal vector to Y in W. Then we have
T,W = (No) @ TyY = (Ng) & (Ry) @ &,
Consider the map given by quotient
dFIXH - T, Y — T, Y.

From Lemma 2.5.3, the difference between dFIX# and dFIF is parallel to

R. This implies that, after quotienting by (R), the two maps

dFIXH - €0 — €y
dFIR . ¢, — &,

are identical. We can summarize this result as follows.

Proposition 2.5.4. Let H : (M,w) — R be a Hamiltonian, and let Y =
H=(c) be a regular level set of contact type. Let v be a Reeb orbit, and let
(s(t)) = ~(t) be its corresponding Hamiltonian orbit. Then,

dFIfe = dFI 2 e

In particular, the Conley-Zehnder index can be computed using the linearized
Hamiltonian flow.
2.5.2 Floer Homology

Floer homology, introduced by Floer [Flo89], is an important invariant of
symplectic manifolds. The chain complex is generated by periodic Hamil-
tonian orbits, while the differential counts Floer cylinders. This can be re-

garded as a Morse homology defined on the loop space. For aspherical closed
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symplectic manifolds, Floer homology is known to be isomorphic to singu-
lar homology, a result that provides a proof of Arnold’s conjecture. In this
subsection, we briefly introduce Floer homology and symplectic homology
without delving into detailed constructions. For further details, see [AD14].

et (W, w) be a closed symplectic manifold such that mo(WW) = 0, and let
H : W x S! = R be a time-dependent Hamiltonian. Let J be an almost
complex structure on W, compatible with w. For a contractible loop ~ in
W, let D be a capping disk of v, meaning D : D? — W with D|yp2 = 7.
We define the action functional on the loop space AW of W by

A=~ [ wos [ HGOM

The critical points of A are 1-periodic Hamiltonian orbits of H. We call an

orbit v is nondegenerate if
det(Id — d., () FI;™) # 0.

Note that ~ is nondegenerate as a Hamiltonian orbit if and only if it is
nondegenerate as a critical point of A in the Morse-theoretic sense. We
further assume that every Hamiltonian orbit of H is nondegenerate. This
condition can be generically achieved by perturbing the Hamiltonian.

We define the Floer chain group as a graded Zs-vector space

CR.(W,H,J)= P Zo-~
~v€eCrit(A)

where the degree of v is given by its Conley-Zehnder index. Let v4, v_— be

1-periodic Hamiltonian orbits. Define the moduli space of Floer cylinders,

M(’Y—,7+,H,J)—{u:SlxR—>W; US+J(ut_XHt)=?,) }
YE(—

hms—>:i:oo U(S, _) =

For generic J, it is well-known that M(y—,~4, H, J) is smooth manifold of
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dimension

dim M(y—,v4, H,J) = pez(v+) — pez(y-) + 1.

The differential on CFy (W, H, J) is defined by

of ()= > #MO-v,HJ) v

poz(v-)=+—1

Using a gluing argument, one can show that (9¥)2 = 0. Hence, (CF*,9F)
forms a chain complex, which defines the Floer homology HF,.(W, H,J).
It is well-known that HF,(W, H,J) is independent of the choice of H and
J.

The invariance of Floer homology is shown using a continuation map,
which is a map from HF,(W, Hy, J1) to HF.(W, Hy, J2). In particular, we

have the following result.
Theorem 2.5.5. HE, (W) ~ HMorse(1, Zy).

Idea of the Proof. Take H small enough so that every Hamiltonian 1-orbit
is a critical point of H. In particular, we can take H can be chosen as a
Morse function. Then, there is a correspondence between generators, and

one can show a correspondence between differentials. ]

2.5.3 Symplectic Homology

For open symplectic manifolds, one can use symplectic homology, as defined
in [FH94], [CFH95]. We consider Liouville domains with Hamiltonians that
behave well on the boundary, so periodic Reeb orbits on the boundary of
the manifold also serve as generators. A celebrated result, Viterbo’s theorem
[AS06], [Abolb], states that in the case of a cotangent bundle T*M, the
symplectic homology is isomorphic to the homology of the free loop space
of M. See [Abol5] for details.

Consider a Liouville domain (W, d\) with a Liouville vector field X. Let

a = \|gw be the contact form on OW. The flow of X provides a trivialization
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of the collar neighborhood of OW given by

Oy (0,1] x OW — W
(r.q) = Flis, . (q).

Note that @y identifies ra with A\. We can complete (W, d\) by attaching a
symplectization of OW , defined as

W =W Ug, (0,00) x W

equipped with the Liouville form \, where 5\|W = )X and /A\|(0700)X3W = ra.
We impose the following conditions on the Hamiltonian H and the almost

complex structure J on S x W

1. The Hamiltonian H is linear at infinity. Specifically, there exists a
number 7 > 0, distinct from the period of any closed Reeb orbit of

(OW, ker o), such that outside a compact set,
H(t,z,r)=1r—-C

for some constant C'. Additionally, we assume H < 0 inside W.

2. J is cylindrical at infinity. This means that J preserves the contact
form on each OW x {r}, satisfies JX = R where R is the Reeb vector

field, and J is invariant under translation in the R-component.

With these conditions, we can define Floer homology HFy(H, J). It is well-
known that this group is independent of the choice of a cylindrical almost
complex structure, so we write it as HF,(H). If the slope of H is T, the
chain complex CF,(H) is generated by the interior Hamiltonian orbits and
closed Reeb orbits on W with periods less than .

We define a partial ordering on Hamiltonians that are linear at infinity
by

H, < Hy if and only if H,(t,z) < Hy(t,z) for any (t,z) € S* x W.
If Hy < H», we can define a continuation map. With this, we define sym-
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plectic homology by

SH,.(W,)) = limy HF.(H)
(H,%)

We also define the filtered version of symplectic homology SHZ(W,\).
The filtration is given by the action of the orbit, which equals the period in
the case of a Reeb orbit. The homology SHZ(W, \) consists of Reeb orbits
with periods less than a, and is isomorphic to the Floer homology H F,(H),
where H is a Hamiltonian with slope a. In particular, take € > 0 small
enough such that ¢ is less than the shortest period of Reeb orbits on OW.
Then SHE(W, \) consists only of interior Hamiltonian orbits as generators,
giving

SHE(W,\) ~ H,(W,0W).

We define the +-part of symplectic homology by
SHI(W,\) = SH(W,\)/SHL (W, \).

This homology group consists only of Reeb orbits as generators.

Theorem 2.5.6 (Viterbo’s Theorem). The symplectic homology of the cotan-
gent bundle of a manifold M is isomorphic to the singular homology of the
free loop space AM.

Proof. See [AS06] or [Abol5]. O

2.5.4 S'-equivariant Symplectic Homology

The S'-equivariant version of symplectic homology was introduced in [Vit99],
[Sei08], and further developed in [BO17]. In contrast, S'-equivariant sym-
plectic homology, these are identified as a single generator. In this sense,
Sl-equivariant symplectic homology simplifies the chain complex and pro-
vides more direct intuition. For details, refer to the lecture notes of Gutt
[Gut18].

Let (W,w) be a Liouville domain, and let W be its completion. Define

43



CHAPTER 2. PRELIMINARIES

the Morse function fy : CPY — R by

fN([wO [ wn]) =

This function has (N + 1)-critical points with degree 0,2,--- ,2N. Let fn:
S2N+1 R be the lift of fy via S'-fibration SN+ — CPV. For each
critical value of fu, there exists an S'-family of critical points of f.

Now consider S!'-equivariant parametrized Hamiltonian
H:S'xWx S+ 4R
such that H(0,z,z) = H(0 + ¢, z,¢ - z). Assume the following:
1. The Hamiltonian H is linear at infinity.
2. If z € Crit( fN), then the 1-periodic orbits of Xy, are nondegenerate.
3. Along the negative gradient flow of fy, H is nondecreasing.
Let P(H,N) denote the set of pairs (7, z), where z € Crit(fy) and v is a
1-periodic orbit of H,. There is a free S'-action on P(H, N) defined by
¢ (1,2) = (1 — @), p2)-

We denote the S'-orbit of p = (7, z) in P(H, N) by S,. Let J = J? be an S'-
equivariant generic almost complex structure parametrized by S x §2N+1,

Let p+ be elements of P(H,N). The moduli space of Floer trajectories
is defined as

0+ Vinmn) =0

n:R— S2N+1
us + T (o = Xpgo ) =0

MBS )= Rt i

lims—>:too(77(5)v U(S’ _)) = S'Yivzi

There exists a natural R- and S'-action defined on M, and we denote the

quotient space by MS'. For p = (v, 2), let |Sp| = Ind(2) + pez(vy). For a
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generic J, M?° " is a smooth manifold with dimension
. 1
dim M® (SpysSp_) = |Spy | = [Sp_| = 1.

where Ind(z) is the Morse index z as a critical point of fy. We define the
chain complex C’F;g 1’N(H ,J) as the Zy-vector space generated by S,’s, with
differential 95" given by

831(Sp+) = Z #MSI(Sm’ Spf)Spf'
‘Sp,|:|sp+|+1

It is known that (851)2 = 0, allowing us to define HFF’N.

There exists a natural inclusion of S2V*t1 ¢ CN*! into S?N+3 c CN+2
for any N, given by z ~— (2,0). If H is defined on S?"*3 we can pull-back H
to S2N*1. This allows the definition of a partial ordering on the set of pairs
(H,N) of an appropriate Hamiltonian H and a natural number N, as in the
symplectic homology. We define S'-equivariant symplectic homology

as

SH (W,\) = lim HFZ N (H).
(H,N)

2.5.5 Morse-Bott Spectral Sequence

One way to compute the symplectic homology of spaces with sufficient sym-
metry is by using the Morse-Bott spectral sequence. If periodic orbits are
degenerate and form a submanifold, we can use local Floer homology to
construct a spectral sequence. For details, see [KvK16].

Let (W, d\) be a Liouville domain and H be an autonomous Hamiltonian

defined on W. Consider the critical manifold of 1-periodic orbits of Xy,
C={zeW : FI;'"(z)=ux}.

We assume that C' is compact manifold without boundary. Let 3 be a con-

nected component of C'. We say ¥ is of Morse-Bott type if the linearized
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return map restricted to the normal bundle of ¥ is nondegnerate, i.e.,

det (dp U™ |y — Tdly(s) ) #0.

Assume H is Morse-Bott, meaning every component of C' is of Morse-Bott
type. By perturbing H near ¥ using a Morse function on 3, we can define
local Floer homology HF!°¢(¥) of .. Under certain assumptions outlined
in Proposition 8.4 of [KvK16], which are satisfied in our case, there is an

isomorphism

HF»{(—)&—Csh(E)(E’H7 J) = Hal}/lorse(sz?)v

1
sh(X) = ups(Z) — 5 dim »/St

where sh(X) is the shift term. Using this, we can define the Morse-Bott

spectral sequence, where the filtration is given by the action functional.
Theorem 2.5.7 ([KvK16]). Under appropriate assumptions,

1. There exists a spectral sequence converging to SH(W), with the E'-
page given by

Dscc Hprq—snz)(X,Z2) p>0
Epy(SH) = Hyn(W,0W, Zs) p=0
0 p<0

2. There exists a spectral sequence converging to SHY (W), with the E*-
page given by

E,(SH) = DPscc Hprg-snz) (3, Z2) p>0
0 p<0

3. There exists a spectral sequence converging to SHSl(W), with the E'-
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page given by

1
1 ®E€C ‘f'[g+q—sh(2) (27 ZQ) D >0
Eyy(SH) = H(iLn(W, oW, Zs) p=0
0 p<0

4. There exists a spectral sequence converging to S’HSlﬂL(W), with the
E'-page given by

1
El (SH) = GBEEC HIKJS:rqfsh(E) (E’ ZZ) p > 0
pq 0 ) S 0
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Chapter 3

Existence of Global

Hypersurfaces of Section

In this chapter, we prove the existence of global hypersurfaces of section for
two cases. The first case is a certain type of Hamiltonian flow in 7*R"™ and
will be discussed in Section 3.1. This case includes the classical mechanical
Hamiltonian with a convex potential, particularly the harmonic oscillator
and the Hénon-Heiles system, as well as the contact ellipsoids.

The second case is the geodesic flow of a convex hypersurface contained
in Euclidean space and will be discussed in Section 3.2. This part is based
on joint work with Sunghae Cho [CL24]. This case includes the geodesic flow
on a hypersurface of revolution, which includes a specific type of ellipsoid.
In this case, we will compute the return map explicitly. Another example is

the spatial Kepler problem which will be discussed in Chapter 4.

3.1 Mechanical Hamiltonian Flow

We state the main theorem of this section.

Theorem 3.1.1. Let H : R?™ — R be a symmetric mechanical Hamilto-

nian of a convex type, and ¢ be a reqular value. Then, there exists a global
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SECTION

hypersurface of section

P={(¢p) e H ' (c) : 1 =0, p1 >0}

of the Hamiltonian flow Xgr. Furthermore, the return map extends smoothly

to the boundary.

The definition of a symmetric mechanical Hamiltonian of a convex type

will be introduced in the following section.

3.1.1 Mechanical Hamiltonian of Convex Type

Let R?" ~ T*R" be a Euclidean space equipped with the standard symplec-
tic form dp A dg. Let H : R?® — R be a Hamiltonian of the form

H(q,p) = W(p) + V(q).

Let ¢ be a regular value of H. We first assume the following;:
(A0) For any p such that (¢,p) € H '(c), p- VIW > 0.

This condition implies that p - J, is transversal to H ~L(c). Thus, it’s a
Liouville vector field and H~!(c) is a contact manifold with the contact
form pdq. Instead, we might take the condition ¢-VV > 0. In this case, ¢- 0,
is transversal to H~!(c) and the contact form is —qdp.

Here is the symmetry condition of H.

(A1) There exists a reflection R along a hyperplane containing the origin in
R™, such that V(¢q) = V(Rq) and W (p) = W(Rp).

After an appropriate Euclidean transformation, we can assume that the

reflection is given by

R(q17QQ7"' 7%1) = (_QIaQQ7' v 7qn)

With this convention, we assume further:

(A2) 02V > 0,95 W > 0.
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The condition (A2) can be replaced by the following two assumptions,
1. 104,V (q) > 0 and p19,, W (p) > 0 for any ¢; # 0.
2. 831‘/(0, qz,- - 7qn) > 0 and 8§1W(07 q2, - 7Qn) > 0.

Indeed, from (A1), we have 0,V (0,q) = 0 for any ¢. From (A2), we deduce
that 9,V > 01if ¢1 > 0, and 9,V < 0 if ¢; < 0. Thus, (A2) implies these
two conditions, which are sufficient to prove the theorem.

For given H and ¢, Hill’s regions are defined by
HI=pri(H '(c)) CR",  HI=pry(H '(c)) CR",

where pr;(q,p) = q, pra(q,p) = p. These regions represent the maximal set
of possible values for ¢ and p at a given energy level c. We further assume

the following:
(A3) Hill’s regions H¢ and HE are compact.

If (AO), (A1), (A2) and (A3) are satisfied, we call H a symmetric me-

chanical Hamiltonian of convex type.

3.1.2 Proof of the Existence

We denote Y = H~!(c) for a regular value c. We have
Xy=VW.0,-VV .0,
where VV = (0, V,---,0,,V) and VW = (9, W,--- ,0,,W). We define
B={(q,p) €Y : q =p1 =0}.
Lemma 3.1.2. The submanifold B CY has a trivial normal bundle.

Proof. The global normal frame is given by 0y, , 0y, - O

Lemma 3.1.3. Under assumption (A1), B CY is tangent to Xp.

50



CHAPTER 3. EXISTENCE OF GLOBAL HYPERSURFACES OF
SECTION

Proof. We have

n n

ow o ov 0
Xulrg =S 2L 2
HlTs Zz; Op; 0q; Zz; 0q; Op;

since (A1) implies that 0y, V(¢) = 0 and 9,, W (p) = 0 on T'B. O

We define a fibration map by

m:Y\B—=S'ccC

q1 +ip1
,p)— -
@) o i
The angular form is defined by
dq, — q1d 0
(922'-dlog7rzp1 q; qéplz 5 5
i + 1 41 +p1

Then we have
Q(XH> = p18p1W + q18q1V.

Lemma 3.1.4. If H is a symmetric mechanical Hamiltonian of a convex
type, there exists € > 0 such that O(Xg) > ¢ for any (¢,p) € Y \ B.

Proof. First, from (A2) and (A3), there exists 71 > 0 such that 97, V(0,q) >
m for any (0,q) € pry(B). From (Al), we have 9,V = 0 along B. So the
Taylor expansion of V' with respect to ¢; along B is given by

1
Vig,q) = V(0,§) + 05, V(0,d)q1 + 58§1V(0, Qi+ 0(q})
1
=V(0,9) + 5031‘/(0, D4t + O(q)),

0,V (a1, @) = 92,V(0,9)q1 + O(gi)
where ¢ = (g2, ,qn). Take 6 > 0 such that if |¢1| < 0, then

8(11 V(Qh q)

m
— 92V (0 -,
ql q1 ( 7q_> < 2
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Similarly, we can bound W, so it follows that if |p1],|q1| < 9,

oW .0,V
0(Xpg)=pi 22— +q¢i—2— > %(p?ﬂz%)

Now by (A2) and (A3), there exists 7o > 0 such that if |¢1| > 9,

o,V 1
qlil = E-q18q1V>772.

Again, we take a similar bound for W, and it follows that if |p1],|q1| > 9,
0(X1) = p10p W + @105,V > m2(pf + 47).

Take € = min(n;/2,72), and the result follows. O

Theorem 3.1.5. 7: Y \ B — St defines an open book decomposition of Y,
to which Xy is adapted.

Proof. The three assumptions of Lemma 2.4.4 were proved in Lemma 3.1.4,

Lemma 3.1.2 and Lemma 3.1.3, so we can apply the lemma. ]

Theorem 3.1.6. Fach page of the open book decomposition (B, ) given in
Theorem 3.1.5 is a global hypersurface of section.

Proof. We only need to demonstrate that the return time is bounded. It
suffices to show that there exists ¢ € R such that 7(FL" (¢, p)) = 7(q, p).
From Lemma 3.1.4, we observe the existence of ¢ > 0 such that ©(Xg) > e.

Thus, we have

2m/e 2m/e
/ i-dlogm(Xp) >/ edt > 2.
0 0

By the intermediate value theorem, we can conclude that there exists a
positive number 7 < 2 /e such that [ i - dlogw(Xg) = 27, which means
that 7(FIX#(q,p)) = 7(q,p). It means that 7 is a bounded positive finite
return time for (¢, p). The boundedness of the negative return time can be

demonstrated similarly. d
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3.1.3 Extension of Return Map

To complete the proof of Theorem 3.1.1, we consider the normal Hessian.

By differentiating the Hamiltonian equation, the linearized flow is given by

I— ( 0 —Hess(V))
Hess(W) 0

with respect to the frame (0p,0d;). Under the normal frame (0p,, 0y, ), we

L ( 20 —aglv>
2W 0

The normal Hessian is obtained as —JL, where J is the almost complex

have

structure defined on the symplectic normal bundle. Thus,

Sy = <aq21V 20 ) .
0 2w

By (A2), S, is positive definite, so we have the result.

Theorem 3.1.7. The return map of the global hypersurface of section given

in Theorem 3.1.6 extends smoothly to the boundary.

Proof. This follows from Proposition 2.4.7. 0

3.1.4 Examples

Example 3.1.8. Let H : R — R be given by

1 1
H(q,p) = §|P|2 + §k|q,2~

for £ > 0. This is the Hamiltonian of the harmonic oscillator. We can
directly see that H is a mechanical Hamiltonian of a convex type, and apply
Theorem 3.1.1. Actually, V(q) = %k|q|2 is symmetric with respect to every
reflection along a hyperplane contains the origin. That is, for any nonzero
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vector v and ¢ > 0,
P,={(gp)€H '(¢) : v-¢=0,v-p>0}

is a global hypersurface of section on H~!(c).

If we take v = (1,0,--- ,0) and identify R*® ~ C" by (q,p) + q + ip, we
can see that H~'(c) is diffeomorphic to S?"~!, P is given by Im(z;) > 0,
and the binding B = JP is the equator given by z; = 0.

Example 3.1.9. Consider the Hamiltonian

H(q,p) = Z aip; + Z big;

for a;,b; > 0. The level set is an ellipsoid. For any ¢ and ¢ > 0, we have the
global hypersurface of sections P;, Q); for i = 1,--- ,n given by

P;={(¢.p) € H ' (c) : =0, pi > 0}
Qi ={(a:p) € H™'(e) : ¢ >0, p; = 0}

Example 3.1.10. The Hénon—Heiles system is defined by the Hamilto-
nian
4

1 1 1
H(g,p) = §!p|2 +V(g) = §\p|2 + 5\<1|2 +(¢f + 63)as — 3

This system was introduced by Hénon and Heiles [HH64] and describes the
galactic dynamics. It’s known that this system is not integrable, and is
chaotic. See [For91], [FLP"98a] and [FLP198b] for details.

The level contour of the potential V is illustrated in Figure 3.1!, and we
can see that the Hill’s region is compact for energy level ¢ < 1/6. In particu-
lar, g3 > —1/2 if ¢ < 1/6. We can see that V(q1,¢2,93) = V(—q1, q2,q3) and
831 V =1+42g3 > 0, so we can apply Theorem 3.1.1. The global hypersurface

of section is given by the planar problem,

P={(¢,;p)eH (c) : 1 =0,p1 >0}.

https://commons.wikimedia.org/wiki/File:Henon _heiles_potential.svg
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Figure 3.1: [Deb12] The level contour of the potential of the Hénon-Heiles
system. The horizontal axis corresponds to r = \/q¢? + 3 and the vertical
axis corresponds to gs.
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3.2 (Geodesic Flow on Convex Hypersurfaces

We first state the main result of this section.

Theorem 3.2.1 ([CL24], Theorem 1.1.). Let M C R™*! be a locally sym-
metric convex hypersurface with fixed locus N. Then the geodesic flow on

ST*M admits a global hypersurface of section
P ={(z,y) € ST*M :z € N,(y,v;) > 0},

where v is a normal vector field of N with respect to M. Moreover, the return

map extends smoothly to the boundary of P.

A locally symmetric convex hypersurface will be defined in the following
section.
3.2.1 Geodesic Flows on Hypersurfaces

For simplicity, we denote x = (x¢, #) for points in R"*! and y = (yo, %) for
vectors in T,R"*!. Let f : R®" — R be a smooth function with 0 as a
regular value, and let M = f~1(0). We can embed T*M into T*R"*! as

T*M = {(z,y) € T*R"™: f(z) =0, y-Vf=0}.

Here, we identify T*M to TM using the metric on M. Let H = 1 (||y[|* — 1)
on T*R*"*! and H = I:I]T*M. From Proposition 2.3.13, we can see that

H defines the geodesic flow on T*M with respect to the symplectic form

M = dy A dz|rspp.
Define f,g : T*R"* — R by

w

flz,y) = f(x), glx,y)=y-Vf

so that T*M is the intersection f~'(0) N g~'(0). Through straightforward

computation, we find

0
Xﬁ:y'aﬂﬁv Xf:_vf'azh Xg=V[f 0 — E ‘ yjfij@
2,

56



CHAPTER 3. EXISTENCE OF GLOBAL HYPERSURFACES OF
SECTION

where 0, f = fi and 0,0, f = fij. Using the formula for the Poisson bracket
from Lemma 2.3.6, we obtain

o N~OF (0
{f,g}—zamyj—z(a%) ~ v,

: o~ of aH of

~ dg OH of
{g,H}:zaj z za(zya) "
j i
= Z 833 8ac ———=—iy; = Hess(f)(y,v)-
i0T;

To summarize, using Proposition 2.3.8, we have the following.
Theorem 3.2.2. Let f : R"™' = R, 0 be a regular value of f, and M =
f=1(0). Then, the geodesic vector field on T*M is given by

_ .o Hess(Fa(yy)
e e T

This formula can alternatively be derived by orthogonal projection.

3.2.2 Locally Symmetric Convex Hypersurfaces

Let f: R — R be a function, and let M = f~1(0) be a regular level set.
Suppose N C M be a codimension 1 submanifold. We say M is a locally
symmetric convex hypersurface with fixed locus N if there exists a

reflection p : R — R™*! that preserves a hyperplane ¥ such that
1. The hypersurface N is contained in 3. In other words, p|y = Id|x.

2. The reflection p can be regarded as a map defined on a tubular neigh-
borhood of N. That is, there exists a tubular neighborhood v(N) of
N in M such that p(v(N)) = v(N).

3. (Convexity) The hypersurface M has positive sectional curvature.

For convenience, we assume that the reflection is given by p(zo, Z) = (—x0, T).
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We now introduce equivalent conditions of f that correspond M being a
locally symmetric convex hypersurface. The equivalence of these conditions

will be verified in the remainder of this subsection.
(B1) For any (x¢, &) € M with |xg| small enough, f(xg, %) = f(—xo, T).
(B2) The Hessian of f is positive definite.

First, assume (B1). Define
N=Mn{zeM :z=0}, v(N)={zxe M : |z <e},

where |zg| < ¢ satisfies (B1). Then we can see that M is locally symmetric
with fixed locus N under the reflection p(xg, ) = (—z0, Z). The converse is
straightforward, so we can use (B1) as an equivalent condition.

Now consider the geometry of the cotangent bundle. We denote Y =
ST*M and B = ST*N. Note that B can be expressed as

B ={(z,y) € ST*M : xo =0,y0 =0} = ST*N.

Since the reflection of Euclidean space is an isomtery, we deduce from The-
orem 2.1.11 that N is a totally geodesic submanifold. Consequently, B is
tangent to the geodesic vector field. Furthermore, the normal bundle of B

is trivial, as shown in the following lemma.

Lemma 3.2.3. Let M be a Riemannian manifold diffeomorphic to an n-
sphere, and let N C M be a codimension 1 closed submanifold. Then ST*N

has a trivial normal bundle in ST*M.

Proof. We first show that the normal bundle v(NN) of N is trivial, which
is equivalent to the orientability of V. Suppose IV is not orientable. Then,
for any section s of v(IN) which meets the zero section transversely, there
exists a loop 7 such that s|, has an odd number of zeros. Now assume, for
contradiction, that no such v exists. Then, for any loop v : S — M, every
transversal section of y*(IN') has an even number of zeros. Let wq (v(IN)) be
the first Stiefel-Whitney class of the normal bundle. (see [MS74] for details).
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Then,
(vwr((N)), [S1) = (w1 (v(N)),1[$1]) =0

for any loop . This implies (wi(v(N)),a) = 0 for any o € Hy(M;Zs2),
so wy(v(IN)) = 0. Since the first Stiefel-Whitney class classifies real line
bundles, v(NV) is orientable, a contradiction.

It follows that the intersection form [N] - [y] in Zg-coordinate is not 0,
which is a contradiction because H,,_1(S™;Za) = H1(S™;Z2) = 0. Hence we
conclude that N is orientable.

Now, let vpr(N) ~ Nx(—€,e) C M.Forxz € N, we have T,M = R&T, N,
implying

ST,M = {(t,v) e R®T,N : t* + |[v||* = 1},

where ||| is the metric inherited from M. Thus, the normal fiber at p =
(x,v) € ST*N is

VST*M(ST*N)p = I/ST;M(ST;N)U ) VM(N)J; ~ Vsn_l(S”)v ) I/M(N)x,

where "1 is embedded in S™ along the equator. O

Condition (B2) implies that f is a convex function, and M bounds a
compact convex domain. By Lemma 2.1.19, M is diffeomorphic to the n-
sphere. To apply Corollary 2.1.17 to our hypersurface M, we compute the
second fundamental form of M. The unit normal vector v of M in R"*! is
Vf/IIVfll, and we have

9 9 Vf Z( fij Zkfkfkifj) 9

—_— Y = —— — = —_ _—
Oz; Oxi [|Vf]] VAL VAR ) Oz

J
It follows that

Yo vifigwi Y s vififrfiw;  Hess(f)(v,w)
s = =4 e =
908w w) =g MIE il

for v,w € TM. The second term vanishes because w € T'M implies that
w-Vf= Zj w; f; = 0. Using Corollary 2.1.17, we get the following.
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Proposition 3.2.4. Let M = f~1(0) C R*! be a regular level set, and let

v,w be orthogonal unit tangent vectors at a point x € M. Then,

_ Hess(f)z(v,v)Hess(f)z(w, w) — Hess(f)z(v, w)?
Rarloe) = NGl |

Proposition 3.2.5. Let M = f~1(0) c R be a regular level set. The

sectional curvature Kyr(o) is always positive if and only if Hess(f) is either

positive definite or negative definite on M.

Proof. Since Hess(f), is a symmetric bilinear form, there exists an orthonor-
mal basis B of T, M that diagonalizes Hess(f),. Let

[Hess(f)z]s = diag(A1, -+, Ap).

If Ky > 0, then \;A; > 0 for any 4,7 implying that all A; have the same
sign. Thus, Hess(f), is either positive definite or negative definite. Since
this process depends on z continuously, the sign of A\; cannot change as
Ai # 0. The converse follows directly from Proposition 3.2.4, with a fact that
the definiteness of Hess(f) is determined by the definiteness of its (2x2)-

minors. O

The following corollary can also be found in various literature, for exam-
ple [Sac60].

Corollary 3.2.6. Let f: R"™ = R and M = f~1(0) C R™*! be a regular
hypersurface. Assume that M has a positive sectional curvature. Then M is

diffeomorphic to the n-sphere.

Proof. By Proposition 3.2.5, Hess(f) is either positive definite or negative
definite. If Hess(f) is positive definite, f~!(—o0, 0] is convex, and the result
follows. If Hess(f) is negative definite, consider f = —f, where M = f~1(0)

and Hess(f) is positive definite. The same argument applies. ]

Thus, the condition (B2) implies convexity of M. Moreover, the case
where Hess(f) is negative definite can be treated by using considering — f
instead of f. Hence, without loss of generality, we may assume (B2) to prove
Theorem 3.2.1.
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3.2.3 Proof of the Existence

Using the notations from Section 3.2.1 and Section 3.2.2, we assume (B1)
and (B2). We define a map 7 : Y \ B — S* C C by

7r(ac ): o + 1Yo
Y |x0+iy0]'

As in Section 3.1.2, the angular form is defined by

Yodro —xodyo 0

©=i-dlogm = = .
g+ Y3 x5+ Y

Substituting X g, as computed in Theorem 3.2.2, into 6, we obtain the fol-
lowing.
Hess(f)z(y,y) fo(x)

IVf@I* xo
Lemma 3.2.7. Under the assumptions (B1) and (B2), there exists € > 0,
depending only on the function f, such that ©(Xg) >e on'Y \ B.

0(Xn) = y§ + x5

Proof. Define a function A = A(z,y) by

Hess(f)z(y,y) fo(x)
IVf(@)? =

A(SL‘,y) =

so that 0(Xp) = A(x,y)x3 + y3. It suffices to show that A(z,y) > ¢ for all
(x,y) € Y\ B, since then
Alz,y)xd +y¢ _ exd+ 43

O(Xy) = > > €.
S B

Since 0 is a regular value of f and Y is compact, there exists some C' > 0
such that 0 < ||[Vf||> < C on Y. By the compactness of Y, condition (B2)
implies that there exists some § > 0 such that Hess(f),(y,y) > d for all
(x,y) €Y.

Using condition (B1), we know that fy|z,—0 = 0. Thus, a Taylor expan-
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sion with respect to xq gives

P, ) = F0,8) + 5 fool0, #)a3 + O(af),

fo(zo, T)
0

= foo(o, 1_/“) + O(SEQ)

Since Hess(f)z(y,y) > 0, we have foo(z) = Hess(f).((yo,0), (yo,0)) > ¢
for all z. Choosing a small n > 0, we see that for |zo| < n, fo/x0 > 6/2.
Consequently, A(z,y) > 62/2C for |zg| < 7.

For |zg| > n, we only need to bound fy/zg. Since fo(0,Z) = 0 and
foo > 6, it follows that fy(xg, &) > 0 when zg > 0 and fo(z9,Z) < 0 when
xo < 0. By the compactness of Y N {|zo| > n}, there exists some d; > 0
such that fo/z¢ > d1. This implies A(x,y) > §61/C for |zg| > n. Letting
e = min(62/2C, 661 /C), we obtain the desired lower bound. O

Theorem 3.2.8. Under the assumptions (B1) and (B2), the map m : Y \
B — 8! defines an open book decomposition of Y, to which the geodesic
vector field is adapted.

Proof. We will apply Lemma 2.4.4. From Lemma 3.2.7, there exists € > 0
such that ©(Xp) > . Since © = i-dlog, the first condition of Lemma 2.4.4
is satisfied.

Next, consider the trivial tubular neighborhood of B, whose existence is

guaranteed by Lemma 3.2.3. Denote this tubular neighborhood by
v(B) ~ B x D?
(.%', y) = (£7 27’ Zo, Z/O)
where zg, 9o are small enough. Note that 7 (b, r,0) = .
Since N is a totally geodesic submanifold by (B1), the geodesic vec-

tor field X is tangent to ST*N = B. Therefore, all the assumptions of
Lemma 2.4.4 are all satisfied, yielding the desired result. O

Now we can prove the first part of Theorem 3.2.1, which is the existence

of a global hypersurface of section.
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Theorem 3.2.9. Under the assumptions (B1) and (B2), the geodesic flow

on'Y admits a global hypersurface of section, given by
P={(z,y) €Y :29=0,y0 > 0}.

Proof. As in Theorem 3.1.6, the lower bound of the angular form provided

by Lemma 3.2.7 ensures the boundedness of the return time. O

We now examine the topology of the global hypersurfaces of section we

have constructed.

Lemma 3.2.10. Under the assumptions (B1) and (B2), N is diffeomorphic
to Sm L.

Proof. We can express N as
N =1{(0,7) e R"": £(0,7) =0}  {(0,%) e R : F € R"} ~R™.

The convexity of f is preserved when f is restricted to the subspace {(0, %) : & € R"},
which implies the result. ]

Proposition 3.2.11. The global hypersurface of section P constructed in
Theorem 3.2.1 is diffeomorphic to T, S™™1, which is the subset of T*S"~!
consisting of covectors of length < 1. The boundary B = OP is homeomor-
phic to ST*S"1.

Proof. Let p be a diffeomorphism from the upper hemisphere H™ C S™ to
the closed disk D". Define a map ¢ : P — TZ,N by ¢(z,y) = (z,p(y)). It
is clear that ¢ is a diffeomorphism. Using Lemma 3.2.10, we conclude the
result. O

3.2.4 Extension of Return Map

To complete the proof of Theorem 3.2.1, we use the computational results in
this section to extend the return map to the boundary. We can take 0y, 0z,

as a symplectic normal frame of B in Y. To compute the normal Hessian,
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we analyze the linearized flow of X along B. With the expression

. Hess(f)(y,y)
v\ _ (e VY
T y

the linearized matrix L is given by

I 0 —%Hess(f)
Id 0

along B, since the odd-differentials of f vanish along B. In particular, under

the (Oyy, Oz, ) frame, we have

Hess
Lo (0 T o
1 0

As in Section 3.1.3, we have Sy = —JL, so

Hess(f)z(y, y)

Sy = di
N ag<1’ MNIDIE

foo(z ))

The assumption (B2) implies that Hess(f) is positive definite and foo is
always positive, so Sy is positive definite. Note that even if we assume

Hess(f) to be negative definite, Sy remains positive definite.

Proposition 3.2.12. Under the assumption (B1) and (B2), the return map
U : P — P extends to the boundary smoothly.

Proof. This follows from Proposition 2.4.7. O
Remark 3.2.13. In [CL24], we used the fact that

ZSNZN

OXn) = 7L 7

+0(1)

where Zy is the normal vector, to compute Sy.
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3.2.5 Examples
Hypersurface of Revolution

Now we apply Theorem 3.2.1 to some examples and compute the return
map. Let f : R"*! — R satisfy (B1) globally, (B2), and the following third

condition:
(B3) if ||Z]] = [|Z'[|, then f(zo,Z) = f(xo,Z").

For convenience, we assume that f(0,Z) = 0 if and only if ||Z]| = a > 0. We
call a regular level set M = f~1(0), which satisfies (B1), (B2) and (B3), a
hypersurface of revolution. This is a higher dimensional analogue of a

surface of revolution in R3. In this case, we have the parametrization

M N {(xo,21,0,---,0)} = {(a(¢),acos9,0,---,0): ¢ € R}

where a is a function of ¢. For example, in the case of the ellipsoid, a(¢) =
ap sin ¢. We apply Theorem 3.2.1 to ST*M = Y, obtaining the global hy-

persurface of section

P ={(0,%;y0,9) : yo > 0} .

Proposition 3.2.14. The return map ¥ : P — P 1is given by

¥ ((0,2), (y0. 7)) = <(o,cosG<||y||> sin G(|17])7 ) ,

T
(yo,—”y”smG(Hy||>x+cosG<uy\> ))

where

do.

a(l — (1 —1t2)sin® o)

B t/27r \/a2 )sin? o + {a’(arcsin (v/1 — 2 sin o)) }2

if t £0, and G(0) = 27.

Proof. First, consider the case n = 2, so M is 2-dimensional. Here, we take
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the parametrization
M = {(a(¢),xcospcos \,acospsin\) : ¢, A € R}.

We interpret ¢ as a latitude and \ as a longitude. Consider the geodesic with
initial position (¢9 = 0, Ag) and initial velocity cos 60y /|| O || +sin 60z /|| O ||-
Let A\ denote the change in A after the first return time. This change equals
four times the longitude shift where the zg-coordinate of the curve becomes
the maximum. The situation is illustrated in Figure 3.22.

Let 6 = 0(¢) be the angle of the geodesic’s velocity with respect to the
longitude. Then we have Clairaut’s integral (see [Arn89))

I(¢) = acos psinb(¢),

where I(0) = asinfy and 6y = 6(0). Thus, sinf(¢) cos¢p = sinfy. At the

xo-maximum point, ¢ = 7/2 — b, yielding

/200 g\ /200 d) ds

where s is the arc-length parameter. From
ds* = (a?sin? ¢ 4 d/(¢)?)d¢* + a? cos? pdN?,

we obtain

_ /2700 sin 0(¢) /a2 sin® ¢ + d/(¢)?
AN =4 /0 « COS gb COS 9(¢) dqs

B 4/”/200 sin@o\/a2 sin? ¢ + a’(¢)2d¢
0 acospy/cos? g —sin® by

To get the formula in the theorem, substitute ¢ to arcsin(cos 6 sin o).

In the general case, consider the initial condition of geodesic (xq,yo)
starting in P. The 3-dimensional linear subspace S C R"*! containing 0, xo,

Yo, and the xp-axis intersects M in a 2-dimensional ellipsoid containing the

2We thank Jinho Jeoung for providing the illustration.
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geodesic. Thus, applying the 2-dimensional result yields the general formula.
O

Figure 3.2: Illustration of the situation. The geodesic is drawn in red.

It is straightforward to see that the return map ¥ is a Hamiltonian dif-
feomorphism generated by H(z,y) = ( i G) (|l7]]). Some boundary behavior

can be analyzed directly from the formula.

Proposition 3.2.15. If a/(0)/a ¢ Z, ¥|sp does not have a fized point.
Proof. We can write ¥|sp in matrix form,

oL z cos G(1 asin G(1
@y =A( | |= 1 W )
0] —=sinG(1) cosG(1)
Here, G(1) is a constant independent of Z or ¢. Substituting ¢ = 1 into

G(t), we have G(1) = 27a/(0)/. The matrix A has a fixed point only if
cos G(1) = 1, or equivalently, a’(0)/a € Z. O

8y

<y

Ellipsoids

The result of Proposition 3.2.14 applies directly to ellipsoids with specific

axis length configurations. Let 0 < a < 1 and consider the function

2
L X
f(xo,x):a—g+x%+~--+zi.
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This is exactly the setting of Proposition 3.2.14, with B(¢) = asin¢, a = 1.
Then B'(¢) = acos ¢, and

{B'(arcsin (v/1 — t2sino))}? = (—a cos(arcsin(y/1 — ¢2 sin a)) ’

Therefore,

T /a2 + (1 — a?)(1 — 2) sin?
G(t) = Va2 + a 2)sm o
0 1—(1—t2)sm o

Lemma 3.2.16. Define —(1 —a?)(1 —t%)/a® = k. Then,

Va2 + (1 —a?)(1—12)sin’o 1—a? 1
do = — F(o|k)+ ~T1(1 —t%0lk),
/ 1—(1—1t?)sin’o ? a (o 1K) a ( 7lk)

where F and 11 are the elliptic integrals of the first and third kinds, respec-
tively:

do

¢ do G
F(p|k):= | —m—, Hmolk):= :
(@1F) /0 V1 —ksin?6 (i $1%) /0 (1 —nsin®0)v/1 — ksin?0

Proof. Let 1 —a? = b and 1 — t2> = ¢ for convenience. Then,

/ Va2 4 besin? 4 a? + besin? o

1—csin?co (1—csin20) a2 + besin? o
b1 — esin? 2
:/( b(1 —csin® o) + (a® 4+ b) o

1 — esin? 0)V/a? + besin® o
B _b/ do
aJ \/1+ (bc/a?)sin®o

do

+1/ do

a) (1—-e¢sin®0)\/1+ (be/a2)sin’ o
b 1

= —5F(0" — be/a?) + gH(C;J’ — be/a?).
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With Proposition 3.2.14 and Lemma 3.2.16, we can compute the return
map explicitly.

Now we consider the limit cases. When a = 1, M is a standard sphere,

and the return map converges to the identity. Setting b = 0, we have
F(0|0) = 0. Furthermore,
2
de 21
II(n; 27| 0) = = )
( 10) /0 1—nsin? 1I—n

if 0 <n < 1,s0II(1 — 2,27 | 0) = 27 /t. Tt follows from Lemma 3.2.16 that
G(t) = 2w, and 7 is an identity map.

The converse limit case is @ — 0. In this case, the sphere deforms, and
the dynamics approach a billiard. Define f,(zo,%) = x3/a* + ||Z||?, and
ol (1) = M, for 0 < a < 1. Let

a
Moz{are]R"H:x0:0,x%+--~+x721§1}.

We can consider the map g : M, — M, defined by Bup(xo, &) = (bxo/a, T)
for 0 < b < a. Then B, is a diffeomorphism for any 0 < b < a, but By is a
2-to-1 map outside the boundary. This means that we can consider Mj is a
2-to-1 limit of a family {1, }.

We also need to consider the behavior of tangent vectors on Ny. Explic-
itly, there is an obvious map df,, between tangent bundles, and we know

that if b = 0, the boundary vectors (fyp; ) map to the same vectors. Let
Yo = {(7,7) € T'R" : ||7] <1, § points inward OM if 17| = 1, 7] < 1},

then this is a 2-to-1 limit of Y, = T*M,.

It’s interesting to study the limit of geodesics on My, which become
straight lines in the interior and reflect at the boundary. This dynamics on
Yy is called a billiard. The global hypersurfaces of section we constructed

also converge to a certain hypersurface in Yy. That is,

Py ={(Z,y) € T*"R" : ||Z|| = 1, ¥ points inward to My, ||y] < 1}.
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Proposition 3.2.17. The submanifold Py is a global hypersurface of the

section of the billiard on Yy, and the return map is given by

U (%, ) = <:E'cos 0o + L_,H sin 0y, i cos Oy — ||7]|Z sin 90> ,
Y

where Oy = 2 arccos ||7]|.

Proof. A billiard trajectory lies on a 2-dimensional subspace that contains
the point Z, direction ¥, and the origin. Thus, the problem reduces to finding
the return map for a 2-dimensional billiard. After an appropriate rotation, we
can map (0, %) to e; and (0, 7/||#]|) to ez in R2. The situation is illustrated in
the Figure 3.33. Notice that the length of (yo, %), the red vector in Figure 3.3,
is 1. Thus, the problem of finding the return map of the billiard simplifies

to an elementary geometric problem. O

v(Z,7)

Figure 3.3: Return map of the billiard in dimension 2.

Returning to Proposition 3.2.14 and Lemma 3.2.16, setting a = 0 in
G(t), we have

/(1 —2)sin’ o
G(t) = d
®) /0 1—(1-2)sino

|sino| < V1—1t2 —tano
— — - | arctan 7

27
+ arct

sino

V1 —t2+tana>
an
¢

0

V1—¢2

= 4 arctan = 4 arccost.

3 Again, we thank Jinho Jeoung for the nice illustration.
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Substituting this into Proposition 3.2.14, we see that this is exactly twice the
return map in Proposition 3.2.17. The reason the two return maps are not
the same but twice as large is as follows: Consider a point (x,y) = (0, Z; yo, ¥)
in P, with yo > 0. Following the geodesic with initial condition (z,y), there
exists a minimal ¢y > 0 such that y(¢y) = (0,2';y(,y"). However, we must
have y{, < 0 in this case. In fact, this point corresponds to where the angular
form becomes exactly . This point also converges to the point in Py in limit,
since it’s a 2-to-1 limit. Hence, the limit of the return map of P, does not

converge to the first return map, but to the second return map of billiard.

Kepler Problem
Consider the Kepler Hamiltonian defined on T*R? \ {0},

1 1
E(va) = §\p|2 - m

The Hamiltonian is singular at the origin, but we can apply Moser regular-
ization, which will be discussed in Section 4.1.3, to regularize each level set.
The regularization for the level set with Kepler energy Ej is given by the
composition of the switch map and the stereographic projection from the
unit cotangent bundle of S? with radius r» = v/—2E. The regularized system
with Kepler energy Ej can be regarded as a geodesic flow on the unit cotan-
gent bundle of S ¢ R* with radius r = v/—2Ej. The global hypersurface of

section is given by

P={(z,y) : 23=0, y3 > 0}.

In T*R3, we have

2r2p3
€T = — =
3 P2 £ 2
2 2
pe+r b-q
p— _— > O.
Y3 072 43 -2 p3 =

Hence,
P={(¢p) € E~(c) : p3 =0, g3 >0}.

71



CHAPTER 3. EXISTENCE OF GLOBAL HYPERSURFACES OF
SECTION

This is the set of points of maximum height of the Kepler orbits, and the

Reeb dynamics on the binding correspond to the planar Kepler problem.
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Chapter 4

Periodic Orbits of Spatial
Kepler Problem

In this chapter, we investigate the periodic orbits of the spatial Kepler prob-
lem. We review the generalities of the Kepler problem in Section 4.1, and
the planar rotating Kepler problem in Section 4.2. In Section 4.3, we exam-
ine the moduli space of the periodic orbits of the spatial Kepler problem
and classify all periodic orbits of the spatial rotating Kepler problem. In
Section 4.4, we compute the Conley-Zehnder index of the periodic orbits of
the spatial Kepler problem and relate it to the symplectic homology of the
cotangent bundle of the 3-sphere. This chapter is based on joint work with

Beomjun Sohn.

4.1 Kepler Problem

A Kepler problem is a dynamical system that describes the motion of
a mass-less body in Euclidean space under the gravitational force exerted
by another body. For simplicity, we assume that the mass of the source of

gravitational force is 1 and it lies at the origin. The Hamiltonian describing
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the Kepler problem is given by

E:T*(R3>\{0}) =R

Here, ¢ is the position, which is the point on the base manifold R3\ {0}, and
p is the momentum, which is the vector in T,(R3 \ {0}). The phase space
T*R3 is equipped with the natural symplectic form dp A dg = _ dp; A dg;.
The Hamiltonian E describes the mechanical energy of the mass-less body.

Solving the Hamiltonian equation for the Kepler problem is straightforward;

we have
q
XE:paq——gap
lq|
or equivalently
. q .
b=—"1 q=Dp.
lq]?

4.1.1 Invariants of Kepler Problem

Before we investigate the solutions of the Kepler problem, we introduce two
important invariants associated with it.

The Kepler problem has an obvious SO(3)-symmetry. By Theorem 2.3.11,
there exists an invariant corresponding to this symmetry. This invariant is

called the angular momentum and is defined by
L= (L, Ly, L3)=qxp

where x denotes the cross product. To verify this, consider Lg, which corre-
sponds to rotation along the ¢3- and ps-axis. The corresponding Hamiltonian

vector field is given by

XL3 = —Q2aq1 + Q1aq2 _p28p1 +p16p2-
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By integrating, we find that X, generates a rotation around the origin,

FZXL3 a) _ q1cost — qosint qisint 4+ gocost g3
t P picost —posint pysint 4+ pacost ps

Thus, we conclude that each component of L in T*R? corresponds to the
rotational symmetry along each axis, and {F, L;} = 0 for each i = 1,2, 3.
We now introduce another invariant of the Kepler problem: the Laplace-

Runge-Lenz vector, defined as

A:pr—i

lal’
It is clear that A is perpendicular to L.

Lemma 4.1.1. The Laplace-Runge-Lenz vector A is an invariant of the
Kepler problem. In other words, {E, A} = 0, or equivalently, A is constant
along the Kepler orbit.

Proof. We compute the time derivative of A along the Kepler orbit,

Az puppi— (4D
lq lq|
1

= W(—q x (¢ x p) — g’ + (¢-p)g) = 0.

In the second equality, we used the Hamiltonian equation p = —¢q/|q|® and
G = p, as well as the invariance of angular momentum L = 0. The last

equality follows from an elementary identity involving the cross product. [

Remark 4.1.2. From the perspective of Theorem 2.3.11, there must be
a symmetry corresponding to the invariant A. However, unlike the case of
angular momentum, this symmetry is not directly observable. The Kepler
problem can be described as a geodesic flow on S3 via Moser regulariza-
tion, as described in Section 4.1.3. The geodesic flow on S3 possesses an
SO(4)-symmetry, which is 6 dimensional. The symmetry corresponding to
A originates from this structure and is often referred to as the hidden sym-

metry of the Laplace-Runge-Lenz vector.
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4.1.2 Three Laws of Kepler
We begin by stating the celebrated three laws of Kepler.

Theorem 4.1.3 (Kepler’s Law). The following hold for the orbits of the
Kepler problem.

1. The orbits are conic sections with one focus at the origin. If the energy

is negative, the orbits are ellipses.

2. In polar coordinates on the plane contains an orbit, the areal velocity

S =1r20/2 is constant.

3. If the orbit is closed, the period T of the orbit is given by

2 w2

T :_ﬁ

We now prove the first law in Theorem 4.1.3. This proof follows the
approach in [FvK18].

Theorem 4.1.4. The orbits of the Kepler problem are conic sections, with
eccentricity € satisfying
g2 =2E|L|*> + 1.

The equation of the orbit in polar coordinates on the plane L-q = 0 is given

by
|L|?

" 14 |A|cos(d—g)
Proof. We first observe that (A, L) = 0, and compute

L ={gxpL)={(pxL,q) = <A+|Z|aQ> =(4,q) +q|

After rotating the coordinate system to align L with the g¢s-axis, we can
say L = (0,0,1) and A = (|A|cosg,|A|sing,0). Write ¢ = (rcos,rsin6,0).
Substituting these into the equation, we find

l2
T 1+ |Alcos(6 —g)

r
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This is the polar equation of a conic section, with eccentricity equal to |A|.
Finally, we prove that |A|?> = 2E|L|? + 1. From direct computation,

2 2
AP =Ipx L* = = {p x L,q) + 1 = [pP|LP* = = {g x p. L) +1

lq| lq|
2 1
— pPILP - ZILP+1=2 (\pl2 - m) L 11,
]
00 05 10

0.5

0.0

-05

0.0
0.5

Figure 4.1: Illustration of the Kepler orbit determined by L and A.

Corollary 4.1.5. The Laplace-Runge-Lenz vector is parallel to the major
azis of the Kepler orbit.

Proof. The formula in the proof of the previous theorem implies that ¢
aligns with the major axis when 6 = g, at which point ¢ is parallel to A. In
particular, A points toward the closest point on the major axis to the origin.

This is illustrated in Figure 4.2. O
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Figure 4.2: Tllustration of the Laplace-Runge-Lenz vector for L = (0,0,1)
and A = (v/3/2,0,0).

Due to the SO(3)-symmetry, it suffices to consider orbits lying in R? or

the ¢1¢go-plane. Using polar coordinates on R?, we write
(q1,q2) = (rcosf,rsinb).
To ensure the coordinate change is symplectic, the momenta transform as
prdq + p2dqz = prdr + pedt

yielding

sin 6 . cos
(plapQ): cos Op, — , Po, sin Op, + , Dbo | -

In this representation, the energy E and angular momentum L are expressed

1 P2 1
Br) = (s +72) -,

L =rcosfpy — rsinfp; = py

as

From the Hamiltonian equation 6 = Op, E implies

. pp L
9:ﬁ:7a2.

Theorem 4.1.6. The areal velocity of the orbit of a Kepler problem is con-
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stant.

Proof. Let v be a Kepler orbit with an initial point on the ¢i-axis. Denote
the area swept out by « from time 0 to t by A(t). We have dA/df = r?/2,,

SO
[, L[t I Lt
t) == do = = 20dt = = | Ldt ==
A(t) 2/0T 2/()r 2/0 2

Thus, A(t) = L/2, and since L is invariant, the areal velocity is constant. [

Theorem 4.1.7. Let T be the period of Kepler orbit. Then we have

2 ?

Proof. From the previous theorem, we have
mab = A(1) = —

where a and b are the semi-major and semi-minor axes, respectively. The

eccentricity of the ellipse satisfies €2 = 2EL? + 1, and the semi-major axis

IV
“To\T+A T1-4]) T 1o AR

The semi-minor axis b = v/1 — &2a, so

b — mae — Lim\/1— |AJ? _ wL*

(1—[AP)? (1-]AP)32

is given by

Squaring the earlier equation,

, 4A? 4218 47218 w2
7— = = =

L7 ~ I2(1—|A]2)3  —8ESL8  2E3
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4.1.3 Moser Regularization

The singularity at the origin in the Kepler problem prevents the level set
from being compact or complete. To address this, various regularization
methods have been developed. In this subsection, we introduce the regular-
ization method for the Kepler problem proposed by Moser in [Mos70]. We

begin by noting the formula used in the regularization process.

Lemma 4.1.8. Let S]' be the n-sphere of radius r. The stereographic pro-
jection from the north pole (r,0,---,0) is given by

®, : T*S? — T*R3

re T —12g .. .
(z,y) = ( ; 0y+lffc)

r—xo T
and the inverse is given by

U, T*R® — T*S3
(P@H(T(pQ—TQ) 2rp p-q p*+r? p'q)

, —

PR pae2 0 22 1T 2P

In particular, the following relations hold.

273 9 273 9
r—xg= ———— = —r
0 p2 +r2’ p r—xo ’
2= T e g = 2 g =TTy
4r4 ’ p? + r2 '

The following procedure is known as the Moser regularization of the
Kepler problem. We fix the energy level £ = Ey < 0. Consider the Hamil-
tonian on T*(R?\ {0}),

1 2
(d (Blap) — )+ 1 = 5 (50 - 2E0)la])
The Hamiltonian K B, extends smoothly to the origin, allowing it to be
defined on T*R3. Moreover, the regular level set E~!(Ep) is a subset of
K~1(1/2), so the Hamiltonian flows of £ and Kp, are parallel on this level

N | —
N | —

KE() (Q7p) =
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set.

The switch map ¢ is a symplectomorphism defined on T*R? as o(q, p) =
(p, —q). By composing K E, with the switch map and the inverse stereo-
graphic projection U, : T*R3 — T*S2, we obtain a Hamiltonian on T*S3,

o 1 EO 1 2
o) = Ry (00, —0) = 5 l? (2 + (r=o0) (-3 - 3))
Setting r = /—2Fj, we simplify:

7’4 2
Ko(a,y) = Iyl

The Hamiltonian K, defines the geodesic flow on T*S3. In short, we can
embed the level set £ = Ej of the Kepler problem as a sub-system of the
geodesic flow on T*S2.

For convenience, we pull back K, to T*S% =T *Sf‘ using the scaling map

Si,:T*S® — T*S?
(z,y) = (rz,y/r).

The Hamiltonian on 7*S3 then becomes
2
r
Ko ) = Iyl

For the future reference, we present the following lemma froom [MvK22a],

which can also be derived from Proposition 2.3.8.

Lemma 4.1.9. Let T*S™ C T*R"*! be defined by equations |x|*> = 1 and
(x,y) =0. Let K : T*S™ — R be a Hamiltonian of a form

1
K(QZ‘7 y) = §|y’2f($’ y)2
Then, the Hamiltonian vector field of K is given by

XKk = (fzy"' ’y|2f(fy —(fy- z)x)) - Oy
+’y|2f((fy'$)y_fx_(f""fy'y_fx'x)x)‘ay
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Applying this lemma with f(x,y) = r2, we find
Xi =1y 0y — r?|y|*z - 0.

Imposing the energy condition K(x,y) = 1/2, we have |y|?> = 1/r2. Thus,

the equations of motion become

() (2)

These orbits correspond to great circles on T*S% with speed 1/r. With this,
we investigate the orbits added during the process of Moser regularization.

We impose the initial condition

1 2
0);p»0))=10,0,——;0,0,0) =1{0,0,—;0,0,0 ).
(@000 = (0.0, 530.0.0) = (0.0.%50,0.0)

Intuitively, this condition describes an object starting to fall directly into the
origin, eventually colliding with it in finite time. On 753, this corresponds

to the initial condition
1
(.ﬁU(O)7 y(O)) = <_17 07 07 0 5 07 07 07 _> .
r

The orbit of Xg, on T*S3 with this initial condition is given by

sin(rt) 0.0 _cos(rt))

r r

(x(t);y(t)) = <— cos(rt), 0,0, —sin(rt) ;

Applying the stereographic projection and the inverse switch map, we obtain
the orbit in 7T*R?

(alt):p(e) = (0.0, 51+ cos(re) 0.0,

rsin(rt) ) |

1+ cos(rt)

For any initial condition with p(0) = 0, we obtain the same type of or-
bit. This type of orbit is referred as a collision orbit and is illustrated in
Figure 4.3. We also describe the behavior of this orbit in 7*R3.

82



CHAPTER 4. PERIODIC ORBITS OF SPATIAL KEPLER PROBLEM

1. At t =0 : ¢ reaches its maximum height |¢| = —1/Ep, and p = 0.
2. For t € [0,7/r) : ¢ moves toward the origin, and p diverges to —oo.

3. For t € (m/r,2m/r] : ¢ moves away from the origin, and p decreases

from oo.
4. At t =27/r : q returns to its maximum heights, and p = 0.

In summary, the collision orbit oscillates between the origin and the maxi-
mum height in T*R3.

151

1.0

Figure 4.3: Illustration of the collision orbit.

Additionally, the above parameterization of the collision orbit ~ is a
reparametrization of the Kepler orbit, meaning the orbital speed differs. In
particular, the period of v as a Kepler orbit is not equal to 27r. However,
can be regarded as a special case of an elliptical Kepler orbit with eccentricity
1. In this sense, the period of ~y satisfies the Kepler’s third law, which depends
solely on the Kepler energy.

4.2 Planar Rotating Kepler Problem

The planar rotating Kepler problem is the Kepler problem restricted
to R? with a rotating frame around ¢3- and ps-axes. It is described by the
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Hamiltonian
1, 9 1
H=F+1L3= §|p| - m + (q1p2 — q2p1)-

Here, F is referred to as the Kepler energy, and H as the total energy

when clarification of the term “energy” is necessary.

Note 4.2.1. The concept of the rotating Kepler problem originates from the
restricted circular three-body problem. In the circular three-body problem,
the motion of two primary bodies is assumed to be circular. The Hamiltonian

for this system is

© o l-p
lg—m@)] lg—e(t)]

1
E@MziMA-

where 1 is a mass ratio, e(t) = —pu(cost, —sint), and m(t) = (1—p)(cost, —sint).
This Hamiltonian is time-dependent. However, by adding an angular mo-
mentum term to account for the motion of the two bodies, we obtain the
following autonomous Hamiltonian

Iz I—p

1
H = |p]* - - +
2 lg— (=) lg—p

(q1p2 — @2p1)

An autonomous Hamiltonian is easier to analyze and handle mathematically.

The rotating Kepler problem is a limiting case of this system, where u — 0.

The Hamiltonian can be reformulated as follows
L o
H = S1p]” + U(lal)

where p = (p1 — q2,p2 + q1), U(r) = —1/r — r2/2. The function U is called
the effective potential, as it encapsulates all terms that depend only on
g. The graph of U is shown in Figure 4.4.

Let m: T*(R?\ {0}) — R2\ {0} be the projection. The Hill’s region

for a given energy level ¢ < 0 is defined as

He={q:U(q) <c}.
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I I I I I I
0.0 0.5 1.0 1.5 2.0 25 3.0

r

Figure 4.4: The graph of effective potential U. The maximum value is —3/2.

Since the term |p|? is always nonnegative, it follows that if H(q,p) < ¢, then
g must belong to H.. The effective potential U(r) has a unique maximum
value of —3/2 at r = 1. It follows that when ¢ < —3/2, the Hill’s region H,.
consists of one bounded component and one unbounded component. When
c < —3/2, the Hill’s region equals to R? \ {0}. An illustration of the Hill's
region for an energy level of —1.6 is shown in Figure 4.5. We are particularly
interested in the orbits that lie within the bounded component of the Hill’s

region.

4.2.1 Moser Regularization

We can apply Moser regularization to the planar rotating Kepler problem,
following the procedure outlined in Section 4.1.3. For an energy level ¢ <

—3/2, consider the Hamiltonian

1 1
Hy(p,q) = §|P’2 - m + a(qip2 — ¢2p1)
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Figure 4.5: The illustration of Hill’s region of energy -1.6.

where « is a parameter introduced to track the role of angular momentum.
We define the following Hamiltonian on the bounded component of the Hill’s
region

Koelpra) = 5 (H = 0)la] + 1%

Next, we pull back K, . to T*S? via stereographic projection and the switch

map,

1 o e 1\\?2
Kaclz,y) = §|y|2 <7“2 + (r — o) (rg(l‘lyz — x2y1) — 2 2>> .

Here, we take 7 = v/—2c and a = «/r?, simplifying the expression to
Lo 99 2
Koe= §!y| (r® + a(r — z0)(z1y2 — x211)) "~ -

We further pull-back K, . to T*S3 using a scaling map. On T*S?, the Hamil-

tonian becomes

1
Koc(z,y) = §|y\2 (r+a(l —20)(x1y2 — 9623/1))2 .
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If we set a = 0, the Hamiltonian reduces to the Moser-regularized Kepler

Hamiltonian described in Section 4.1.3.

4.2.2 Periodic Orbits

We investigate possible periodic orbits of the planar rotating Kepler prob-
lem. Since {E, L3} = 0, we have

X
FIX = FIXE o FI"e
As shown in Section 4.1, the periodic orbits of Xp are ellipses. The flow
F1%Xcs represents a rotation about the ¢s- and ps-axes with a period of 2.

The first case is the circular orbits. We require
2 2 _ 2 _
e“=2FL54+1=2E(c—E)*4+1=0

at the energy level H = c. In this case, the orbit of H is automatically
periodic. A straightforward computation shows that if ¢ < —3/2, there are
three possible values of E, and if ¢ > —3/2 there is only one possible value
of E.

Assume ¢ < —3/2, so there are three distinct circular orbits.

1. The retrograde orbit, denoted by 74, corresponds to the smallest
Kepler energy.

2. The direct orbit, denoted by v_, corresponds to the second smallest
Kepler energy.

3. The orbit with the largest Kepler energy is the outer direct orbit,
lying outside the bounded component of the Hill’s region, and is not

of interest here.

The retrograde and direct orbits are distinguished by the sign of angular
momentum. For £2 = 0, we have L3 = +1/v/—2E. Thus, the retrograde
orbit (with lower Kepler energy) has positive angular momentum, while the
direct orbit has negative angular momentum. From the graph, the retrograde

orbit is the one that persists beyond the critical energy level ¢ = —3/2.
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Figure 4.6: Graph of 2E(c— E)?+41 = 0. The critical energy level £ = —1/2
corresponds to ¢ = —3/2.

Proposition 4.2.2. Let vy (retrograde) and vy— (direct) be circular orbits
of the planar rotating Kepler problem with ¢ < —3/2. The total energy Cfl

18 given by

while the periods of vi is are

2

Y

Proof. For the circular orbits, €2 = 2FL3 +1 = 0, so Ly = +1/v/—2F,
proving the first statement.
To find the periods, we parametrize the orbits explicitly (see [AFFvK13],

Section B.2). Using the transformation (g1, q2) = (rcos@,rsinf) from Sec-
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tion 4.1, the Hamiltonian becomes

1 P2 1
H(r,0;p,p0) = B <p3 + 7,2) - + Do

The Hamiltonian vector field is

Z—T
Xy =2""5, +po, + (figﬂ) oy
T T

For circular orbits (r = rg), p, = 0 and pg = rg. The solution is

r(t) "0
o) | <ir31/2 + 1) t
pe(t) | "

(
po(t) +,/ro

Here, pg = /7o corresponds to the retrograde orbit (Ls > 0), while py =
—4/To corresponds to the direct orbit.

Using E = —1/2rg, substituting ro = —1/2F into the period formula
completes the proof. ]

In the second case, the orbit of F is not circular. Here, the period of
X p-orbit must resonate with the 2r-periodic flow FIXLs. As a result, the
orbit must be 27 (l/k)-periodic for some k,l € N.

From Kepler’s third law, the energy of such an orbit is given by

1/ k\%?
B =—-(2) .
-3

An example of such an orbit is shown in Figure 4.8'. These orbits also possess
rotational symmetry. Thus, for each pair (k,) and |Ls| < 1/y/—2FE}, there
exists an S'-family of elliptic orbits that form a torus. Additionally, there
is a retrograde orbit and a direct orbit with Kepler energy Ej,;, whose total

energies are denoted c,fl.

"We appreciate Chankyu Joung for illustrating this diagram.
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Figure 4.7: NNlustration of the birth and death of elliptic orbits. Each interior
point on the segments corresponds to an S'-family of orbits.

To summarize, for given Ej;, there exists an S!'-family of orbits for
each total energy between Cr and c:’l. At the boundary energies ckiJ, these
families degenerate into retrograde or direct circular orbits. This observation
is a key concept used in computing the Conley-Zehnder index of closed orbits
in the rotating Kepler problem, as described in [AFFvK13]. Here, we present

the result without detailed derivation.

Theorem 4.2.3 ([AFFvK13]). Let v denote the N-th iterate of the simple
retrograde and direct orbits of rotating the Kepler problem. Assume that

Nty ¢ Z(_fw. Then,

,ucz('yiv)zl—l-Qmax{kEZM <N7'i}.

2w
(—2E)3/2
In particular, for energy levels ¢ < —3/2, the bounded component of the
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-=1.0 0.5 0.0 0.5 1.0
g1

Figure 4.8: Planar periodic orbit with Kepler energy E3 2 and initial condi-
tions g =p1 =0, py = 1/2.

rotating Kepler problem is dynamically convex, and the doubly covered ret-
rograde circular orbit is the only periodic orbit with a Conley-Zehnder index
3.

Remark 4.2.4. Since ¢ = F + L3, there exists a value of ¢ between ¢~ and

¢ such that Ls = 0. The corresponding orbits are the collision orbits.

4.3 Spatial Rotating Kepler Problem

In this section, we consider the Kepler problem adapted to the rotating frame

around the g3- and ps-axes, which we will refer to as the spatial rotating
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Kepler problem. The Hamiltonian is given by
H:T*(R3>\ {0}) = R

1 1
(¢,p) — §\p|2 - m + (q1p2 — @2p1)-

The primary distinction here is the spatial dimension. We can also use the

notion of an effective potential by introducing:

D= (p1 — q2,p2 + q1,p3)

H(g.p) = i + Ula).

As before, we can write H = E+ L3 and {E, L3} = 0, meaning that periodic
orbit of H is a composition of a Kepler orbit and the Ls-flow.

4.3.1 Moser Regularization and Vertical Collision Orbits

We apply Moser regularization to the spatial rotating Kepler problem. As
in Section 4.2, the Hamiltonian on 7*S2 is given by

1
Koc(z,y) = §|y\2 (r+a(l — xo)(x1y2 — 211))°,

where a = a/r? and r = v/—2c.

Lemma 4.3.1. The equations of motion for K, . are given by

o S0

) Py = aly feiza (1 — 2o)

o FPy2 + aly? friza (1 — 20)

T3 | Sy

go | | lwlPfa(ziye — zay1) — xo(r + a(z1ys — 22y1)))
(! ly|?f(—ay2(1 — xo) — x1(r + a(z1y2 — 22y1)))
U2 ly[?flayi (1 = x0) — za(r + a(x1y2 — T231)))
Y3 —|y|2fzs(r + a(x1ye — z211))
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where f(x,y) =1+ a(l — z¢)(z1y2 — T2Y1)
Proof. We can apply Lemma 4.1.9, where
fe = (—a(z1y2 — 2201)), ay2(1 — z0), —ay1(1 — z0),0)
fy = (0, —aza(1 — z0), ax1(1 — 20),0)
fy-x=0
fH+fy-y—fo-x=r+alxiy2 — zoy1).

O]

Solving this equation directly for a general solution is challenging. How-

ever, for a collision orbit with the initial condition

(p(0); ¢(0)) = (0,0, P;0,0,Q),

the equation of motion simplify to

To 2o
iz | | rPys
Y0 —Zo
U3 —x3

with 1 = z9 = y1 = y2 = 0. These orbits are unaffected by angular mo-
mentum and correspond to the collision orbits of the (non-rotating) Kepler
problem with initial conditions ¢3(0) = F1/E and p3(0) = 0, as described in
Section 4.1.3. We denote these orbits by ., , and call (positive/negative)

vertical collision orbits. These orbits are illustrated in Figure 4.9.

4.3.2 Moduli Space of Spatial Kepler Orbits

Recall that for fixed Kepler energy E, every Kepler orbit is an ellipse (in-
cluding collision) of the same period. The regularized Kepler problem can
be identified with the geodesic flow on T*S3. Hence the total orbit space
must be ST*S? which is diffeomorphic to S3 x S2. Consequently, the moduli
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Figure 4.9: Ilustration of vertical collision orbits.

space of orbits corresponds to the space of unit geodesics on S%. A well-

known result characterizes the space of geodesics on spheres.

Theorem 4.3.2. The moduli space of unit geodesics on S? is diffeomorphic

to S?, and the moduli space of unit geodesics on S3 is diffeomorphic to
S? x S2.

Proof. See [BesT78], Proposition 2.9. and 2.10. O

We’ll rederive this result in a way adapted to the Kepler problem. We
first consider the planar problem. Let Nz denote the moduli space of orbits
for the planar Kepler problem with fixed E. Specifically, N is the level set
of K : T*S? — R, quotiented by S'-action induced by the Hamiltonian

flow. A planar orbit is characterized by:

1. The rotation direction (determined by sign of Ls),
2. The major axis (determined by the direction of (A;, As)),
3. The eccentricity (given by ¢2 = |A|? = 2FL2 + 1).

Using the formula for the eccentricity, we have
A? + A2+ (V—2FL3)? = 1.
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This implies

Ng = {(Al,Ag, @Lg)} ~ 52,

The retrograde and direct orbits correspond to the points
v+ = (0,0,%1).

The total energy ¢ = E + L3 is determined by Lj3-component, meaing
that ¢ serves as a height function on N, which is a Morse function. The
regular level sets of ¢ is S'-families of ellipses that are invariant under the
Ls-action. The retrograde and direct orbits correspond to the maximum and
minimum of the total energy, respectively.

Now let Mg denote the moduli space of orbits for the regularized spatial
Kepler problem with Kepler energy E. Specifically, Mg is the level set of
K : T*S? — R, quotiented by S!'-action induced by the Hamiltonian flow.

To determine an ellipse in R? with one focus at the origin, we need to

specify:
1. The plane containing the ellipse and rotation direction (given by L),
2. The major axis (given by A),
3. The eccentricity (given by e2 = |A|? = 2EL? + 1).

Thus, the angular momentum L and the Laplace-Runge-Lenz vector A, to-

gether with E, uniquely characterizes the Kepler orbit.

Lemma 4.3.3. A map ® defined as

d: Mp— S?xS?
VR (x/—QEL — AVZ2EL + A)

s a well-defined bijection.

Proof. Let (z,y) = (V—2EL — A,/=2EL + A) . We verify

7|* = —2EL* + A* - V-2FEL- A= —2EL* + A* =1,
ly? = —2BL*+ A* + V—2EL- A= —2B[*+ A* = 1.
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Hence, (x,7y) € S? x S2. Given (z,y), we reconstruct L and A by

T4y _A_x—y
2v/—2F’ 2

Using L and A, the orbit v can be reconstructed as decribed in Theo-
rem 4.1.4. O

L=

This result matches Theorem 4.3.2, providing explicit coordinates (z,y)

on Mpg. We note some properties of this parametrization.
1. Eccentricity: € = |A]| = |z — y|/2.

2. Circular orbits: Circular orbits correspond to the diagonal {z = y},

which is A = 0, forming an S?-family.

3. Planar Orbits: Planar orbits satisfy L1 = Ly = A3 = 0, giving

Neg={(z,y) € 5? x 8% : a1 = —y1, 22 = —yo, 23 = y3} = S°.

4. Retrograde and direct orbits: These correspond to

Y+ = ((07 0, 1)7 (07 0, 1))
~v— = ((0,0,-1),(0,0,—1)).

5. Collision Orbits: Collision orbits correspond to the anti-diagonal

{z = —y}, which is L = 0, also forming an S2-family.

6. Vertical collision orbits: These correspond to

Yey = ((07 0, 1)a (07 0, _1))
Ve = ((07 07 _1)7 (0, 07 1))

To discuss the rotating Kepler problem with this framework, we need to

consider the total energy ¢ = E + Ls. First, we analyze the S'-action corre-

sponding to L3, which represents rotations along ¢3- and ps-axis. The action
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on Mg is given by

0 - (w,y) = (ew(xl + il‘g),l’g, ew(yl + i92)7 y3)

where the ¢1¢o-plane and pipo-plane are identified with C for convenience.
This action is free except at four points: v+ and 7., .

For a fixed Kepler energy E, varying c is equivalent to varying Lj3. Using
the coordinates (z,y) of Mg, L3 is determined by z3 + y3. Denoting this

function as f, we define

f:8%x8%—[-2,2

(x,y) — T3+ Ys-

There are exactly four critical points of f, corresponding to v+ and ~.,.
These are precisely the fixed points of the S'-action associated with Ls, a
consequence of Noether’s theorem.

The function f is a Morse function; v_ is a minimum with index 0, 4
is a maximum with index 4, and 7., are saddle points with index 2. From
the perspective of Morse homology or handle attachment, the level sets of

f are described as follows:

{r-} if a =-2
S3 if —2<a<0
fYa) = S if a=0
S3 if 0 <a<?2
{r+} if a=2

where S is homeomorphic to ¥72, the suspension of 72. To better under-

stand this, define the function

g:S—[-2,2]

(1‘,?/) = X3 — Y3
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which is proportional to As. The level sets of g are given by

{re_} if b= -2
g 1 (b) = T2 if —2<b<?2

{7Ver } itb=2

Note 4.3.4. The space X712 is homotopy equivalent to S3 Vv S? v S§2. In

particular, it is not a manifold, as the link of the vertices is 72, not a sphere.
Note that for 0 # a € (—1,1), we can similarly define
95 7@ = (-2~ lol),2 ~ |a]
(:Evy) = T3 — Y3.

where the level sets are

! if b=—(2—|a])
gty =3 T if —(2—]a|)<b<2—|a
St if b=2— |af

This provides a Heegaard decomposition of S3 for each energy level set S3.

These observations lead to the definition of the following map
F: Mg —R?
(z,y) = (23,93)
The map F' has the following properties:
1. F has exactly 4 critical points, v4+ and ., .

2. Edges of the picture correspond to the spaces
7—70+ = (0707 _1) X ‘927
T e = 5% % (0,0,-1)
7c+’7+ = 52 X (0707 1)
Yo7 = (0,0,1) x §?
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3. The edges are the singular locus of F', where dF' has rank 1, except
for 4 endpoints, where dF has rank 0.

4. The fiber of F for interior points on the edges is S*.
5. All other points are regular, with fibers S* x S*.

This is the standard toric diagram of S? x S2, illustrated in Figure 4.10

A
IV:IC s

S-family

Y- T famijly” A
-1 Ly

-1
Y-c

Figure 4.10: The toric picture of Mg.

4.3.3 Periodic Orbits
The period of a Kepler orbit with Kepler energy FE is given by

2m
(—2E)3/2

T =

As in the planar case, the orbit of the spatial rotating Kepler problem is the
composition of FltXE and FltXL?’.

There are two planar circular orbits, the retrograde orbit v, and the
direct orbit v_, which are periodic for any Kepler energy. Similarly, the ver-
tical collision orbits 7., are not effected by Ls-action, making them periodic

for any Kepler energy as well.
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In general, as in the planar case, the Kepler orbit must have period

27(k/1) to be periodic for the rotating Kepler problem. This requires that
the Kepler energy satisfies

1 /k 2/3

for some k,l € N. An example is illustrated in Figure 4.11. This implies that
at the energy level Fj ;, periodic orbits emerge as a family parameterized by
M. The situation is depicted in Figure 4.122.

0.3
0.2
0.1

0.1

—0.750.500.29.000.25 0.50 0.75
qz

&

Figure 4.11: A spatial periodic orbit of Kepler energy E3 o, initial conditions
@2 =q3 =p1=0and (p2,p2) = (v3/2,1/2).

If we fix the total energy level ¢ < —3/2, the periodic orbits contained in

the level set H~!(c) are as follows. This scenario is illustrated in Figure 4.13.

?We thank Chankyu Joung for providing the illustration.
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Figure 4.12: The family of orbits at Kepler energy E3 2.

1. The retrograde orbit 4 : This has Kepler energy E satisfying

1

E [
1 3E,;

C.

2. The direct orbit «v_ : This has Kepler energy E_ satisfying

1

) ——
v—2F_

C.

3. Two vertical collision orbits 7., : These have Kepler energy F = c.

4. The S3-family of elliptic orbits : These orbits correspond to Kepler
energies Ey; for all k,[ such that

E_< EkJ < E+.

5. The YT2-family of orbits : The family appears only if ¢ = Ey for
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some k,[. This family includes two vertical collision orbits.

6. Multiple covers of above orbits.

- S

Kepler Energy E

3.0 1 I 1 |
-3.0 -25 -2.0 -15 -1.0

Total Energy ¢

Figure 4.13: A family of orbits with total energy ¢ = —2.1. The figure in-
cludes the direct orbit, two vertical collisions, and the retrograde orbit. The
blue lines correspond to Fg 1, E7 1, Eg1,E9.1,E10,1. For each intersection,
there exists an S3-family of orbits. Note that there are infinitely many By
values not shown in the diagram.

4.4 Conley-Zehnder Index of Periodic Orbits

In this section, we compute the Conley-Zehnder index of periodic orbits in
the spatial Kepler problem. We begin by determining the indices of the mul-
tiple covers of the non-degenerate retrograde, direct, and vertical collision

orbits and then consider the orbits with Kepler energy Ej, ;.

4.4.1 Index of Retrograde and Direct Orbits

Following the strategy of [AFFvK13], as described in Proposition 4.2.2, we

use cylindrical coordinates to treat the planar circular orbits .. Consider

102



CHAPTER 4. PERIODIC ORBITS OF SPATIAL KEPLER PROBLEM

the coordinate transformation

(q1,q2,q3) = (rcosf,rsinb, z)

Do . . Pe
(p1,p2,p3) = (prcost — T sin @, p, sin 6 + T cost, p)
where p,, pg, p, are defined such that
p1dqy + p2dqz + p3dqs = prdgr + pedd + p.dz.

Note that qips — gap1 = pg. In these coordinates, the Hamiltonian for the
rotating Kepler problem is given by

_ 1 P 2 1
H(T,g,zvprapé),Pz)—2(Pr+ﬂ+Pz +P0—\/ﬁ~
and the corresponding Hamiltonian vector field is
Xt = oot (24 ) opapatr (- " Vo P g
H = Dr T+<r72+ ) o +p20z+ P (T2+22)3/2 pr_(,r_2+22)3/2 Pz

We impose the conditions for the planar circular orbits.
1. Planar : z=p, = 0.

2. Circular : 7 = rg is constant. From this, it follows that » = p, = 0
and p, = 0. Combined with z = 0, this implies pg = rg. We take
pg = £4/rg. For shorthand, we write pg = wy.

Under these conditions, the Hamiltonian vector field simplifies to

1
Xp=(———)0
" <w8’+1>9
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and the orbit can be expressed as

r(t) w
o(t) (fg + 1) t
2(t) | _ 0
pr(t) 0
po(t) wo
p=(t) 0

As stated in Proposition 4.2.2, wg = =£./rg correspond to 7+ respectively,
with a period given by

27
=t
S Y
Since 19 = —1/2F holds here as well, we can write
2w
T- =
=T (2EpR 1

assuming that £ < —1/2.
From Proposition 2.5.4, the Conley-Zehnder index can be computed

using the linearized Hamiltonian flow. Denote the perturbation vector by
A = (Ar, A0, Az, Ap,, Apg, Ap,). The linearized flow is governed by

A =LA

where L is the linearization matrix obtained by differentiating X,

—~2py /1 0 0 0 1/r* 0

L=
“3p3/rt 4 32/R° ~1/R® 0 3rz/R° 0 2pp/r> 0
3rz/R? 0 322/R°—1/R® 0 0 0
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Here, R = v/r2 + 22. After substituting the orbit v, we find

o 0 0 1 0 0

—2/wy 0 0 0 1/wi 0

I o 0 0 0 0 1
| 6 3

Jw§ 0 0 0 2/wd 0

o 0 0 0 0 0

0 0 —-1/wS 0 0 0

We need to determine the frame of ker(dH) N ker(\) along the orbit. We

have )
_(_Po " _
dH = ( 3 + (742 + z2)3/2> dr + (TZ 4 22)3/2

0
+ prdp, + (1 + %) dpg + p.dp.

dz

which simplifies to

1
dH = (1 + 3> dpy
“o

along the orbit. The contact form is given by
A = —qdp = pedf — rdp, — zdp,

which simplifies to
A = wodf — widp,

along the orbit.

Note 4.4.1. Here, we use —qdp instead of the standard pdg, as in the context
of Moser regularization, the roles of p and ¢ are interchanged. Specifically,
let X = q0, so that ixw = —qdp. Note that X(H) =1/|q| + L3, and X (H)
must be positive. This can be seen as a special case of a similar phenomenon
in the restricted three-body problem. See Theorem 5.2.1 in [CJK20].

With this, we can find a symplectic frame

1
(X17 X27X37 X4) == (89 + ;8]%70‘}087’7 apza 82)
0
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where w(X17X2> = w(X3,X4) =1 and w(Xi,Xj) =0.

Lemma 4.4.2 ([AFFvK13], Appendix B). Let T*S? C T*R3 with coordi-
nates (x,y) such that |z|> = 1 and (z,y) = 0. Let K : T*S? — R be a
fiberwise star-shaped Hamiltonian such that yo,K > 0, and let the contact
form be given by A = ydx. Then,

B _(yxx)-ayK
X1<y><x —y‘f)yK Oy

_ (yxz) 0K
X, = Ly b+ ()0

provides a global trivialization of ker A N ker dK .

Lemma 4.4.3. The framing X1, Xo, X3, X4 given above can be extended to
a capping disk.

Proof. From [AFFvK13] Appendix B, X1, X» corresponds to the framing in
the planar orbit given in the previous lemma. Thus, X7, X2 can be extended
to a planar capping disk. Since X3, X4 do not involve planar coordinates,

they can also be extended to the capping disk. O
We also take a normal frame
1 2
(Nl,NQ) = —89,w06p9 +w087~
wo
such that w(Ni, N2) = 1 and w(X;, Nj) = 0. Note that N represents the
Reeb direction of \. We have

LX) = (1/w0)dr = (1/w})Xa,

LXy = —(2/ui)dh — (1/f)p, = —(1/ui) X1 — (/i) Ny,
LX3 =0, = Xy,

LXy = —(1/w§)8p. = —(1/wp) Xs.
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The linearized flow matrix under the frame (X1, X9, X3, X4) is

0 —1/wg 0 0
Jw¢@ 0 0 0

0 0 0 —1/w

0 0 1 0

L:

By taking the matrix exponential, we obtain the path of symplectic matrices

cos(t/u)  —(fwo)sin(t/wd) 0 0
v _ wo sin(t/wd) cos(t/wy) 0 0
1(t) 0 0 cos(t/wd)  —(1/f) sin(t /)
0 0 wi sin(t/wd) cos(t/wd)

The crossings occur exactly at 27w3Z. The crossing form is given by QW (t)
where (2 is defined in Section 2.5.1,

0 1 0
-1
Q- 0 0
0 0 0 1
0 0 —1 0
We have
1jw¢@ 0 0 0
: 0 1/wg 0 0
QU (t) = QL =
(t) o 0 1 0
0 0 0 1/w§

so the signature of the crossing forms is always 4. Using wy = +1/v/—2F,

we derive the following result.

Proposition 4.4.4. Let v+ denote the retrograde and direct orbits of Kepler
energy E, where E # Ey; for any k,l. Then, v+ and their multiple covers
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are non-degenerate. The Conley-Zehnder index of N-th iterate of v+ is

2mn <N 2m
(—2E)3/2 (—2E)3/2+1

—9F)3/2
:2+4max{n€Z>0:n<N<>}

(—2E)3/24+1
B (—2E)3/?
ol

pez(VY) =2 + 4max {n €Zo:

Note 4.4.5. This is exactly twice the index of the retrograde and direct
orbits in the planar problem, which was computed in [AFFvK13] and intro-
duced in Theorem 4.2.3.

‘We write

(—2E)3/?
pt = px(E) = (—2E)—3/Qil

The functions py are illustrated in Figure 4.14. Here’s some observation

about the indices of 4.

3.0 T T T T T T ‘ ]

250 P

20 P

05

0.0
L

Kepler Energy E

Figure 4.14: The graph of 4.
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1. Behavior for small F : For given N, there exists a sufficiently small
FE such that Nuy <1 and 1 < Nu_ < 2. Hence,

poz(vy) = 4N -2
pez (YY) = 4N +2

for every small E.

2. Decreasing behavior of retrograde orbits : The index pcz(7Y)
decreases by 4 each time p4 touches k/N for some k=1,--- /N — 1.
The corresponding energies satisfy

(—2E)3/2 k

(—2E)p3/2+1 N

or equivalently

1 k 2/3
E=EBpn-r=—3 (N—k)

) in-

3. Increasing behavior of direct orbits : The index pcz(u)

creases by 4 each time p_ touches 1+ k/N for some k = 1,2,---. The

corresponding energies satisfy

1 /N+k\?
E=FEN k= 3 <k> :

We summarize the result as follows.

Theorem 4.4.6. For fired N, the Conley-Zehnder index of N-th cover of
retrograde orbit with Kepler energy E is:

4N — 2 if E < En-11
N if EN—kk < E < EN_k—1k+1
=< 4N —k)—2 ’ ’
pez(vy) ( ) fork=1,2,-- ,N—2
2 if E > Ey n-1

In particular, the simple retrograde orbit has always index 2.
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Similarly, the Conley-Zehnder index of N-th cover of the direct orbit is:

AN +2 if B < EN+171
N .
)= E <E<FE
poz(v2) AN + k) +2 if N+k,k N+k+1,k+1
fork=1,2,--- |

In particular, the indices of direct orbits diverge as E — —1/2.

4.4.2 Index of Vertical Collision Orbits

For the vertical collision orbits, we use the result of Lemma 4.3.1. We impose

the condition of vertical collision orbits, which is given by

= (—cos(rt), 0,0, £sin(rt), (1/r) sin(rt), 0,0, £(1/r) cos(rt))

in T*S3. In this case, we have 21 = x5 = y; = y2 = 0, so that f(z,y) = r

and |y| = 1/r in Lemma 4.3.1.

Lemma 4.4.7. Along the vertical collision orbit in T*S3, we can take
(X17 X27 X37 X4) = (ay1 9 aﬂ?l ’ 82/2’ 8172)

as a symplectic frame of the contact structure of K—1(1/2).

Proof. We can take y - 9y as a Liouville vector field, so A = ixdy Adx = ydx
as a contact form. It is clear that X; are tangent to 7*S® along the vertical

collision orbit. Additionally,

dK = r*yodyo + r’ysdys,
A = yodxg + y3dx3

along the orbit, so X; € ker ANker dK. Finally, w(X;, X2) = w(X3,X4) =1
and w(X;, X;) = 0 otherwise, verifying that (X, X2, X3, X4) forms a sym-

plectic frame. 0

Lemma 4.4.8. The symplectic frame given in Lemma 4.4.7 is valid along .

110



CHAPTER 4. PERIODIC ORBITS OF SPATIAL KEPLER PROBLEM

regarded as an orbit of Kg. The frame can also be extended to a symplectic

frame on a capping disk of ~y. in K§1(1/2).

Proof. For simplicity, assume r = 1. Consider the cotangent bundle of the
subspace
S = {(costcosf,sinh,0,sintcosf)} C S>.

Here, T*S is a subset of T*R?® = {x3 = y2 = 0}. Applying Lemma 4.4.2
to the (xq, 1, z3)-coordinate and the Hamiltonian K = |y|?/2, we observe
that X1, Xo match the frame given in the lemma along the orbit. If we take
a capping disk D in ST*S = K~1(1/2) NT*S, as in Lemma 4.4.3, X3, X4
can be extended to D. O

Now, we calculate the linearized flow by differentiating Hamiltonian

equation
1 ly|? f(—ay2(1 — x0) — z1(r + a(z1y2 — z2y1)))
| P — alyl? feiza (1 — xo)
U2 ly|2f(ay1 (1 — x0) — z2(r + a(z1y2 — T211)))
To fPy2 + aly* friza(1 — zo)

After substituting 1 = x2 = y1 = yo = 0, we find

0 —rlyl2f  —aly2f(1 — o) 0

L F? 0 0 0
alyl> f(1 — o) 0 0 —rlyl*f

0 0 £2 0

Using f =7, |y| =1/r and 1 — 29 = 1 + cos(rt), we get

0 —1 —a(1+cos(rt))/r 0

L r? 0 0 0
a(l + cos(rt))/r 0 0 -1

0 0 r? 0

Since L is time-dependent, directly integrating it is challenging. Instead, we

use the following lemma to compute the Conley-Zehnder index.
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Lemma 4.4.9. Let K be the reqularized Hamiltonian of the (non-rotating)
Kepler problem given in Section 4.1.53. Let Vi, and Wi, be paths of sym-
plectic matrices given by the linearized flow of Kg and Ls. Then,

pez(Ye) = prs(Yi,) + prs(¥r,).

Proof. See the end of this subsection. O

By setting a = 0 in L we find the linearized flow of K. After integration,

the resulting path of symplectic matrices is

cos(rt)  sin(rt)/r 0 0
| —rsin(rt)  cos(rt) 0 0
Vg, (t) = 0 0 cos(rt)  sin(rt)/r
0 0 —rsin(rt)  cos(rt)

Notice that the period of Vg, is equal to the period of the collision orbit.

The crossing occurs at t = (27 /r)Z, and the crossing form is

” 0 0 0
. 01 0 0
WreM =1y 2 ¢
00 0 1

It follows that the signature of the crossing form is always 4.
Next, we compute the index of the orbit of the angular momentum L3

on T*R3. The Hamiltonian equation is given by

¢ —q2
¢ T
@G| | 0
pr| | -pe
P2 p1
P3 0

and the linearization matrix with respect to the symplectic basis 0y, , 94, ; Op,, Oy,
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is

0 0 1 0
M — 0 0 0 1
-1 0 0 0
0O -1 0 O
The linearized flow is given by
cost 0 sint 0
0 cost 0 sint
Vr(t) = .
—sint 0 cost 0
0 —sint 0 cost

The crossing occurs at 2nZ, and the crossing form is

00 0 1

. 0 0 -1 0
QU (1) = OM =

L(7) 0 -1 0 0

0 0 0

so the signature of the crossing form is zero. Combining these results, we

have the following.

Proposition 4.4.10. Let vy, be the vertical collision orbits of Kepler energy
E, where EE # Ey,; for any k,l. Then ~y., and their multiple covers are non-
degenerate. The Conley-Zehnder index of the N-th iterate of ~y., is

pez(V) = nrs(Vk,) + prs(¥r)
— (244N —1)+2)+0=4N

In particular, the index of the multiple cover of vertical collision orbits never

changes.

Proof of Lemma 4.4.9

Let H = E + L3 be the Hamiltonian of rotating Kepler problem, and let K

be the regularized Hamiltonian. We denote the regularized (non-rotating)
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Kepler Hamiltonian by Kg. Let y : [0,7] — T*S® be a K-orbit. Since the
flow of K and H are parallel, with Lemma 2.5.3 we have

poz(v) = rs(Vi) = prs(Yi)

except for the collision orbits, which H is not defined.

We first extend Wy to the collision locus. Let v : [0,7] — T*S3 be a
K-orbit such that v(0) lies on the collision locus. Let A : v*¢ — [0, 7] x R*
be a trivialization of the contact structure along ~. For € > 0, find an H-
orbit 7 : [0, 0(g)] — T*R3, which is a reparametrization of V(- Under the
inverse stereographic projection, we can regard 4. as an orbit on 7%53. We

define <
7 = A(t)_ldFlg(’g)!gA(@ € Sp(4),

V. = A(e) 'dFIZ K[ A(0) € Sp(4)

Then we have U, = ®2W.. It’s clear that lim._,o ¥, = ¥ = Id, so that

lim ¢ = .

e—0

In a similar way, we can extend ¥g to the collision locus.
Now since H = E+ L and {E, L} = 0, we have

AFLXH = dFL " o dFLY®
If we restrict ourselves to the collision orbit, we get
A()dFEH | A(0) = (A(t)dFltXL3|§A(t)_1) (A(t)dFltXE]gA(O)_1> :

From Theorem 2.5.1, we know that

prs(Ya) = prs(Yr,) + 1rs(VE).

Since E-orbit is a reparamerization of K g-orbit, we have prs(Vg) = prs(Vi,),
which leads us to the conclusion. Moreover, since the Ls-orbit with initial
conditions on the collision orbit is constant, we can compute the index with

respect to any frame.
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4.4.3 Relation with Symplectic Homology

With the rotating Kepler Hamiltonian H : T*S3 — R, we consider the
symplectic homology of T*S3. Viterbo’s theorem (Theorem 2.5.6) states that
the symplectic homology of T%S3 is isomorphic to the loop space homology
of S3.

Proposition 4.4.11. Let AS® denote the free loop space of S®. Then,

Zo if x =0 or x > 2

0 otherwise.

H*(Asga ZQ) = {

Proof. Tt is well-known, for example, from [BT82], that the homology of the
based loop space Q52 of S3 is given by

Ty if % =2k >0,

0 otherwise.

H*(QSS> Z2) = {

We have a fibration Q5% — AS3 — S3, which is trivial since S3 is a Lie

group. Applying the Kinneth formula yields the result. O

By Viterbo’s theorem, SH,(ST*S%) ~ H*(AS3,Zs). Additionally, we

have the following result regarding S'-equivariant symplectic cohomology.

Proposition 4.4.12 ([KvK16], Proposition 5.12). The +-part of the S'-

equivariant symplectic homology of T*S3 is given by

ZQ if x=2
SHSH(T*S) ={ 72 if x =2k >4
0 otherwise

We now relate our result to Proposition 4.4.12. Fix N € N. Let ¢ < —3/2
with ¢ # Ej,; for any k,[. Denote

1

+
., =FBp £ —
o

for the total energy of the retrograde orbit and direct orbit with Kepler
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energy Ej ;. There exists an energy level ¢ < —3/2 sufficiently small such
that:

1. poz(y%) =4k —2 for k < N.
2. pcz(y®) =4k +2 for k < N.

3. Higher iterates of the retrograde orbit have index> 4N — 2.

This condition is achieved by taking ¢ smaller thann c}l. Each cover of
v+ and ., is a Morse-Bott manifold S! since it is isolated, and generates
SHS' " (T*$3). Analyzing this setup, we find:

1. One generator at degree 2, corresponding to the simple retrograde
orbit,

2. Two generators at degree 4k 4+ 2 for k =1,..., N — 1, corresponding
to the (k 4+ 1)-th cover of the retrograde orbit and k-th cover of the
direct orbit.

3. Two generators at degree 4k for every k € N, corresponding to two

vertical collision orbits.

Since the degree gap between generators are 2, differentials can be neglected.
This result matches the +-part of S'-equivariant symplectic homology of
T*S3 described in Proposition 4.4.12 up to degree 4N — 2. By appropriately
choosing ¢, we compute SHS'+ (T*S3) up to the desired degree using only
the rotating Kepler orbits.

We assume that the degenerate S3-families are Morse-Bott. In the pla-
nar problem, Morse-Bott-ness of degenerate orbits can be verified using De-
launey coordinate, which is described in [Bar65]. To determine the Conley-
Zehnder index of degenerate S3-families, we consider an example illustrated

in Figure 4.15. Assume that

4,1 5,2
c_<cl <cp <cl,

so that
14 ifc=c_,

18 ifc=rcs;.

poz(v2) = {
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poz =18 /

Eqq

=-3.0 - .

-3.0 -2.5 -2.0 -1.5 -1.0 -0.5 0.0

Figure 4.15: Hlustration of the local Floer invariance.

There exists an S3-family of orbits ¥ contained in H~!(c;) that is not
contained in H~!(c_). This family has Kepler energy F3 1. From the spectral
sequence given in Figure 4.16, the shift of 3 must be 14. It follows that

1
poz(¥) = sh(X) + 5 dim ¥/t =14+43/2 = 15.5.

We can deduce the same result by considering the fifth cover of the

. . : . 4,1
retrograde orbit, which has index 18 at an energy slightly smaller than c’

and index 14 at an energy slightly larger than bt

To deepen our understanding of the phenomenon, we consider the sit-
uation illustrated in Figure 4.17. The two blue lines correspond to E11,1
(with a degree shift 42) and Eq32 (with a degree shift 46). At ¢ < c}rl’l,
the index of the 10-th cover of the direct orbit, v, is 50. The contribution

of 410, together with the S3-families of Kepler energy FE11,1 and Eq29 to
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18 18 /
17 17

16 16

15 15

14 . 14 °
o 1 o 1 2

Figure 4.16: Hlustration of local Floer invariance for the triple cover of the
direct orbit near Fy .

SHS'(T*$3) is at the degree 42. Meanwhile, the contribution of the 12-th
cover of the retrograde orbit is at the degree 46.

At cq > cil’l, the index of 'yf becomes 42. In this case, the contribution
of ’yf is the degree 42. Meanwhile, as the F1; j-family is no longer present
in H!(cy), the contribution of v together with the Fjso-family shifts to
degree 46. The contributions of the two orbits are effectively interchanged
due to the disappearance of the Fqq 1-family, which merges into ’yf.

In general, we can state the following.

Theorem 4.4.13. Assume that the degenerate S3-family of the rotating
Kepler problem with Kepler energy Ey; is Morse-Bott. Then the Conley-
Zehnder index of the S3-family of orbits is equal to 4k — 1/2.

Proof. From the above discussion, the degree shift of such a family must be
equal to 4k — 2. Let the corresponding Morse-Bott submanifold be 3. Since
any bundle over S is trivial, ¥ is diffeomorphic to S? x S'. Thus, we have

4k — 2 = sh(X) = pcz(%) — %dimE/Sl = ucz(X) —3/2.
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Figure 4.17: Illustration of local Floer invariance for 4'? and fyf near Fiy 1.
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50 50
. /. o
48 48
47 47
46 ° 46 °
45 / 45
44 44
43 43
42 ° 42 o
0 1 2 o 0 1 2

Figure 4.18: Morse-Bott spectral sequence at the energy level c_ < FEi1,1
(left) and ¢y > Fj1; (right). Black, blue and red dots correspond to v,
'y_1~_2 and F11,1, F122-families, respectively.
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